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Abstract. Let X be a building of arbitrary type. A compactification ^^(X) of the set 
ReSsph(AT) of spherical residues of X is introduced. We prove that it coincides with the 
horofunction compactification of Res sp h(A") endowed with a natural combinatorial distance 
which we call the root-distance. Points of ^sph(^) admit amenable stabilisers in Aut(A") 
and conversely, any amenable subgroup virtually fixes a point in ^^{X). In addition, it is 
shown that, provided Aut(Jf) is transitive enough, this compactification also coincides with 
the group-theoretic compactification constructed using the Chabauty topology on closed sub- 
groups of Aut(X). This generalises to arbitrary buildings results established by Y. Guivarc'h 
and B. Remy [GR06] in the Bruhat-Tits case. 
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Introduction 

The best known and probably most intuitively obvious compactification of a non-compact 
Riemannian symmetric space M is the visual compactification M = M U d^M, whose 
points at infinity consist in equivalence classes of geodesic rays at finite Hausdorff distance 
of one another. Following Gromov [BGS85], this compactification may be identified with the 
horofunction compactification ^^(M), whose points at infinity are Busemann func- 
tions. This canonical identification holds in fact for any CAT(O) metric space, see [BH99, 
Theorem II. 8. 13]. 

Another way to approach to visual compactification of M is the following. Using the visual 
map which associates to every pair of points p,q 6 M the direction at p of the geodesic segment 
[p, q] , it is possible to associate to every point of M a unique element of the unit tangent ball 
bundle over M. The total space of this bundle being compact, one obtains a compactification 
by passing to the closure of the image of M; this coincides with the visual compactification 
M. Here again, the construction has a natural analogue which makes sense in any locally 
compact CAT(O) space X provided that the space of directions T, p X at every point p G X is 
compact. This condition is automatically satisfied if X is geodesically complete (i.e. every 
geodesic segment may be extended to a bi-infinite geodesic line, which need not be unique) 
or if X has the structure of a CAT(O) cell complex. In the latter case, each space of direction 
T, p X is endowed with the structure of a finite cell complex. 

This suggests to modify the above construction of the visual compactification as follows. 
Assume A is a locally finite CAT(O) cell complex. Then the space of direction T, p X has a 
cellular structure; one denotes by St(p) the corresponding set of cells. Associating to each 
point its support, one obtains a canonical map T, p X — ► St(p). Pre-composing with the afore- 
mentioned visual map, one obtains a map X — > j J St(p). The closure of this map is called 

p&X 

the combinatorial compactification of X . It should be noted that the above map is not 
injective in general: two points with the same support are identified. 

The main purpose of this paper is to pursue this line of thoughts in the special case of 
buildings of arbitrary type. Similar developments in the case of CAT(O) cube complexes are 
carried out in the Appendix. 

In the case of buildings, the relevant simplices are the so-called residues of spherical 
type, also called spherical residues for short. The above combinatorial compactification 
thus yields a compactification of the set Res sp h(A) of all spherical residues, and the above 

'visual map' Res sp h(A) — ► St(<r) may be canonically defined in terms of the com- 

a£Res sph (X) 

binatorial projection. Its closure is the the combinatorial compactification and will be 
denoted by "?f sp h(A). 

The set Res sp h(A) may moreover be endowed in the canonical with the structure of a 
discrete metric space. For example, a graph structure on Res sp h(A) is obtained by declaring 
two residues adjacent if one is contained in the other. We shall introduce a sligthly different 
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distance, called the root-distance which has the advantage that its restriction to the chamber- 
set Ch(X) coincides with the gallery distance (see Section 1). As any proper metric space, 
the discrete metric space Res sp h(A) admits a horofunction compactification This turns 
out to coincide with the combinatorial compactification (see Theorem 3.1). 

It is important to remark that the combinatorial compactification does not coincide with 
the visual one. Although there are elementary ways to establish the latter fact, strong evidence 
is provided by the following result (see Theorem 6.1). 

Theorem A. Let X be a locally finite building. Then every amenable subgroup of Aut(X) 
has a finite index subgroup which fixes some point in ^sphC^O- 

Conversely, the full stabiliser of every point of ^ sp h(X) is a closed amenable subgroup. 

In the special case of Bruhat-Tits buildings, a similar statement was established in [GR06, 
Theorem 33] using another compactification called the group-theoretic compactification. The 
construction of the latter goes back to an idea of Y. Guivarc'h in the case of symmetric spaces 
and be be outlined as follows. A symmetric space M embeds in the space of closed subgroups 
of Isom(M) by attaching to each point its isotropy group. Since the space of closed subgroups 
endowed with Chabauty topology is compact, one obtains a compactification by passing to 
the closure. This yields the group-theoretic compactification < ^ gp (M). This turns out 
to be equivariantly isomorphic to the maximal Satake and Purstenberg compactifications (see 
[GJT98], [BJ06]). In the case of buildings, since points with the same support have identical 
stabilisers, this approach cannot offer better than a compactification of the set Res sp h(A). 

Theorem B. Assume that Aut(A) acts strongly transitively. The group-theoretic compact- 
ification ^gp(A) is Aut(A) -equivariantly homeomorphic to the maximal combinatorial com- 
pactification "?f S ph(AT). More precisely, a sequence (R n ) of spherical residues converges to some 
£. G ^sph(X) if and only if the sequence of their stabilisers (G_r„) converges to the locally finite 
radical of G^ in the Chabauty topology. 

Recall that the locally finite radical of a locally compact group G is the unique sub- 
group RadLF(G) which is (topologically) locally finite {i.e. all of whose finitely generated 
subgroups are relatively compact), normal and maximal for these properties. It was shown 
in [Cap07] that a closed subgroup H of Aut(A) is amenable if and only if H/Rad^F^) is 
virtually Abelian. 

It is shown in [GR06] that the group-theoretic compactifications may be canonically iden- 
tified with the polyhedral compactification constructed by E. Landvogt in [Lan96]. The- 
orem B may be viewed as an extension of this to the case of arbitrary buildings. 

A central tool introduced in this work to study the combinatorial compactification is the 
notion of combinatorial sectors, which extend to the general case the classical notion of 
sectors in Bruhat-Tits theory. Given a point £ S ^sphPO) we associate to every x 6 Res sp h(A) 
as sector Q{x,£) based at x and pointing to £ (see Section 2.6). Every sector is contained in 
an apartment; the key property is that the collection of all sectors pointing to £ € < ^ S ph(A) 
is filtering; in other words any two sectors pointing to £ contain a common subsector (see 
Proposition 2.30). 

We emphasize that all of our considerations are valid for arbitrary buildings and are of 
elementary nature; in particular, no use is made of the theory of algebraic groups. Moreover, 
as it will appear in the core of the paper, most of the results remain valid for buildings 
which are not necessarily locally finite (in that case, one uses the term bonification instead 
of compactification). 
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The paper is organised as follows. In a first section we introduce and study the properties 
of a combinatorial distance on Res sp h(A) which we call the root-distance. The next section 
is devoted to the combinatorial compactification. Combinatorial sectors are introduced and 
used to prove that every point of ^^(X) may be attained as the limit of some sequence of 
residues all contained in a common apartment. The third section is devoted to the horofunction 
compactification and proves that in the case of Res sp h(A) the combinatorial and horofunction 
compactifications coincide. Chabauty topology is studied in the next section, whose main 
goal is to prove Theorem B. The next section studies the relationship between the visual 
boundary and the combinatorial compactification. The main results are a stratification 
of the combinatorial compactification (Theorem 5.5) and a description of '(fsph(A) as the 
quotient of the refined visual boundary of X which is a refined version of the visual 
boundary introduced in [Cap07] for arbitrary CAT(O) spaces. These results are used in the 
final section which proves Theorem A. Finally, the Appendix outlines similar results in the 
case of finite-dimensional CAT(O) cube complexes. 

Acknowledgment. The second author is very grateful to Bertrand Remy for his constant 
support. 

1. The root-distance on spherical residues 

1.1. Preliminaries. Throughout this paper we let X be an arbitrary building of finite rank 
and G be its full automorphism group. We denote by Ch(A) (resp. Resi(A), Res sp h(A)) the 
set of chambers (resp. panels, spherical residues) of X. Given a residue a of A, the star of a, 
denoted by St(cr), is the set of all residues containing a in their boundaries, see [Tit 74, §1.1]. 
We recall that, in the chamber system approach to buildings, which is dual to the simplicial 
approach, a residue is viewed as a set of chambers and the star is then nothing but the set of 
all residues contained in a. This has no influence on the subsequent considerations and the 
reader should feel free to adopt the point of view which he/she is most comfortable with. 

1.2. The root-distance. Our first task is to introduce a combinatorial distance on the set 
Res S ph(A) of spherical residues. A natural way to obtain such a distance is by considering the 
incidence graph of spherical residues, namely the graph with vertex set Res sp h(A) where two 
residues are declared to be adjacent if one is contained in the other. However, the disadvantage 
of this graph is that the natural embedding of Ch(A) in Res sp h(A) is not isometric, when 
Ch(X) is endowed with the gallery distance. This causes some technical difficulties which we 
shall avoid by introducing an alternative distance on Res sp h(A). 

Given Ri,R2 € Res sp h(A), let A be an apartment containing them both. We denote by 
&a(Ri, R2) the set of all half-apartments of A containing R\ but not R 2 - This set is empty 
if and only if R\ is contained in R 2 , since every residue coincides with the intersection of all 
half-apartments containing it. Notice moreover that the cardinality of the sets <&a(Ri, R2) 
and &a{R2, Ri) is independent of the choice of A. We define the root-distance d(R\,R 2 ) 
between R\ and R2 to be half of the sum of their cardinalities. In symbols: 

d(R 1 ,R 2 ) = ±\$ A (R 1 ,R 2 )\ + ^\$A(R2,Ri)\- 

Clearly the restriction of the root-distance to the chamber set coincides with the gallery 
distance. However, checking that the root-distance indeed defines a metric on Res sp h(A) 
requires some argument (see Proposition 1.2). Before collecting this together with some other 
basic facts on the root distance, we introduce some additional terminology. 
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A set of spherical residues 1Z C Res sp h(A) is called closed if for all Ri,R 2 G Res sp h(A^), 
we have 

Ri c R 2 g K RieTZ. 

It is called convex if it is closed and if for all Ri,R 2 G 1Z, we have pToj Rl (R 2 ) G 1Z, where 
proj denotes the combinatorial projection (see [Tit74, §3.19]) or [AB08, Section 4.9]). We 
recall that by definition we have 

proj Rl (i? 2 ) = r|{proj fll (C7) | C G Ch(X) n St(J? 2 )}, 

which allows one to recover the combinatorial projections amongst arbitrary residues from 
projections of chambers. 

Since any intersection of closed (resp. convex) subsets is closed (resp. convex) and since 
the whole set Res sp h(A) is so, it makes sense to consider the closure (resp. the convex hull) 
of a subset TZ C Res sp h(A), which we denote by 1Z (resp. Conv(7£)). The convex hull of two 
residues Ri,R 2 is denoted by Conv(i?i, R 2 ). Given an apartment A containing R\ U R 2 , the 
convex hull Conv(i?i, R 2 ) coincides with the intersection of all half-apartments of A containing 
i?l U R 2 . The following basic fact provides a convenient characterisation of the combinatorial 
projection: 

Lemma 1.1. Given two (spherical) residues R,T, the combinatorial projection proj^(T) co- 
incides with the unique maximal residue containing R and contained in Conv(R,T). 

'Maximal' should be understood as 'of maximal possible dimension', i.e. of minimal possible 
rank. 

Proof. Let A be an apartment containing Conv(i?, T) and o~i, a 2 G Conv(i£, T) be two maximal 
residues containing R. Assume o\ and a 2 are distinct. Then there is a half-apartment a of 
A containing one but not the other. Without loss of generality o\ C a but o 2 a. Since 
R C o"i n o 2 we have R C da. Therefore, if T C a, then Conv(i?, T) C a which contradicts 
a 2 a. Thus T meets in the interior of —a. In particular, so does proj CT1 (T). Since the latter 
is a spherical residue containing o\ D it!, we have o\ = proj CT1 (T), which contradicts the fact 
that o\ is contained in a. 

This confirms that there is a unique maximal residue a G Conv(i?, T) containing R. Since 
proj^(T) D R, we have thus proj^(T) C a. If the latter inclusion were proper, then there 
would exist some root (5 containing proj^(T) but not a. In particular R and proj JJ (T) are 
contained in the wall <9/3. This implies that T is also contained in d(5. Therefore so is 
Conv(i£, T) since walls are convex. This contradicts a (£. (3. □ 

We next introduce the interval determined by two spherical residues Ri,R 2 as the set 
[R±,R 2 ] consisting of those a £ Res sp h(A) such that d(Ri,R 2 ) = d(R±,a) + d{a,R 2 ). 

Proposition 1.2. We have the following. 

(i) The root-distance turns the set Res sp h(A) into a (discrete) metric space. 

(ii) Retractions on apartments do not increase the root- distance. 
(hi) For all R\,R 2 G Res sp h(^), we have Comr(R\,R 2 ) = [Ri,R 2 ]. 

(iv) A set 7Z C Res sp h(A) is convex if and only if it is closed and for all R\,R 2 G 1Z, the 
interval [Ri,R 2 ] is entirely contained in 1Z. 

Before undertaking the proof, we record the following subsidiary fact which will be helpful 
in many arguments using induction on the root-distance. 
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Lemma 1.3. Let R\,R2 G Res sp h(A). Then the interval [Ri,R 2 ] coincides with the pair 
{R\,R 2 } if and only if Ri C R2 or R2 C R± and no residue other than R\ or R2 is sandwiched 
between them. 

Proof. The 'if part is straightforward. Moreover, if R\ C R2 and R is a residue with R\ C 
R C i?2, then G i?2]- Therefore, it suffices to show that if R\ R i?2 is different from R\ 
or i?2, then ]i?i,i?2[ := [-^1,-^2] \ {^1,^2} is non-empty. 

Consider the CAT(O) realisation | A| of X (see [Dav98]). Recall that the support of a point 
x G |X| is the unique minimal (i.e. lowest dimensional) spherical residue R such that x G 

Assume first that there exist points pi G |i?2| and P2 G |i?2| such that p^ is supported by i?j 
and that the geodesic segment [pi,P2] is not entirely contained in \Ri \ U |i?2|- Let then x be 
a point of [pi,P2] \ (l-Ril U I-R2I) and let R denote the spherical residue supporting x. Clearly 
R / Ri, R 2 . We claim that R G [Ri,R 2 ]. 

Let A be an apartment containing R\ and R 2 - Then i? C A. Since any root either contains 
R or does not, we have &a(Ri, R2) C <J>a(-Ri> -R) U -R2) and similarly with R\ and i?2 

interchanged. Thus it suffices to show that every root a containing R but not R2 also contains 
R\ and vice- versa. But if a does not contain Ri, it does not contain p\ since p\ lies in the 
interior of R\. Thus the wall da does not separate p\ from p2, which contradicts the fact that 
x G \R\ C |a|. This proves the claim. 

Assume in a second case that for all points pi,p 2 respectively supported by i?i,i?2, the 
geodesic segment [pi,P2] lies entirely in \Ri\ U |i?2|. Then R |i?2| is non-empty and 
R := R\ R i?2 is thus a non-empty spherical residue. By the above, the residue R is different 
from R\ and R2. We claim that R G [R±, R2]. Let A be an apartment containing R\ and R2; 
thus R C A. As before, it suffices to show that every root a of A containing R but not R\ 
also contains R2. If it didn't, then —a would contain two points pi,P2 respectively supported 
by i?i,i?2- In particular the geodesic segment [pi,P2] is entirely contained in the interior of 
—a and, hence, it avoids \R\ C a. This is absurd since \R\ = \R% \ R \R 2 \- D 

Proof of Proposition 1.2. We start with the proof of (ii). Let p be a retraction to some apart- 
ment A and let i?i,i?2 G Res sp h(A). We need to show that d(p(R\) , p(R 2 )) < d(Ri,R 2 ). We 
work by induction on d(R\,R 2 ), the result being trivial if R\ = R 2 - Notice more generally 
that if R\ C i?2, then the restriction of p to the pair {i?i,i?2} is isometric, in which case the 
desired inequality holds trivially. We may therefore assume that R\ and R2 are not containing 
in one another. By Lemma 1.3, this implies that the open interval ]R\,R2[ is non-empty. Let 
R G ]R\,R 2 [. Using the induction hypothesis, we deduce 

d(R 1 ,R 2 ) = d{R 1 ,R)+d(R,R 2 ) 

> d(p(R 1 ),p(R)) + d(p(R),p(R 2 )) 

> d(p(R 1 ),p(R 2 )), 

where the last inequality follows since any root of A either contains R or does not, whence 
$^(-^1,-^2) C &a(Ri,R) U <&a{R, R2) and similarly with R\ and R2 interchanged. 

(i) The only non-trivial point to check is the triangle inequality. We have just observed along 
the way that this inequality holds for triple of residues contained in a common apartment. 
The general case follows, using the fact that retractions do not increase distances. 

(iii) We first use induction on d(i?i,i?2) to prove that [R\,R2] C Conv(i?i, R2). 

Let thus R G [Ri,R 2 ]. We shall show by induction on d(R,R 2 ) that R G Conv(i?i, R 2 ). 
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Assume first that ]R, R 2 [ contains some spherical residue T. Then 

R G [Ri,T] C Conv(i?i,r) C Convex, R 2 ), 

where the first inclusion follows from the induction on d(Ri,R 2 ) and the second from the 
induction on d(R,R2) > d(T,R 2 ). 

Assume now that ]R, R 2 [ is empty. If R C R 2 , then obviously R £ Conv(i?i, R 2 ). In view of 
Lemma 1.3 it only remains to deal with the case R 2 $j R. In particular d(R\,R) < d(Ri,R 2 ), 
whence [Ri,R] C Conv(i?i,i?) by induction. Since Conv(i?i,i?) is closed, it contains R 2 and 
we deduce that some apartment A contains RiL)R 2 UR. Finally we observe that Conv(i?i, R) = 
Conv(i?i, R 2 ), since the fact that R € [R\,R 2 ] implies that any root of A which contains 
R but not R 2 also contains R\. Thus R € Conv(i?i, R 2 ), which confirms the claim that 
[Ri,R 2 ] C Conv(i?i, R 2 ). In particular [R\,R 2 ] C Conv(i?i, R 2 ) since convex sets are closed. 

Let now x € Conv(i?i, R 2 ) and pick a maximal spherical residue R € Conv(i?i, R 2 ) contain- 
ing x. We claim that R € [R\, R 2 ]. Let thus a be a root containing R but neither R 2 in some 
apartment A containing R\ U R 2 . If R± <£_ a, then Conv(i?i, R 2 ) C —a whence R C da. This 
implies that proj^(i?2) is strictly contained in —a, thereby contradicting the maximality of 
R. This shows that every root containing R but not R 2 also contains R\. A similar argument 
holds with R\ and R 2 interchanged. This proves R € [Ri,R 2 ] as claimed. Thus x 6 [R\, R 2 ], 
which finishes the proof of (iii). 

(iv) follows from (iii) since a set 1Z C Res sp h(A) is convex if and only if it is closed and for all 
R\,R 2 G 1Z, we have Conv(i?i, R 2 ) C Res sp h(^). □ 

The following shows that the combinatorial projection of residues is canonically determined 
by the root-distance. In the special case of projections of chambers, the corresponding state- 
ments are well known. 

Corollary 1.4. For all R, T € Res sp h(A'), the projection proj R (T) coincides with the unique 
maximal element of [R, T] which contains R. It is also the unique spherical residue ir D R 
such that 

d(ir,T) = mm{d(a, T) \ a 6 Res sp h(A), a D R}. 

Proof. By Proposition 1.2 (iii), the projection proj R (T) is contained in some spherical residue 
7T E [R, T\. In particular it is contained in Conv(i?, T) and contains R. Therefore we have 
7T = proj^j(T) by Lemma 1.1. Thus proj^(T) is contained in the interval [R,T] and the first 
assertion of the Corollary follows from Lemma 1.1 since [R,T] C Conv(i?, T) by Proposi- 
tion 1.2 (iii). 

The second assertion follows from arguments in the same vein than those which have been 
used extensively in this section. The details are left to the reader. □ 

2. Combinatorial compactifications 

2.1. Definition. The key ingredient for the construction of the combinatorial compactifi- 
cations is the combinatorial projection. Given a residue <r, this projection is the map 
proj CT : Ch(X) — > St(cr) which associates to a chamber C the chamber of St(<r) which is near- 
est to C, see [AB08, §4.9]. As recalled in the previous section, the combinatorial projection 
may be extended to a map defined on the set of all residues of X. For our purposes, we shall 
focus on spherical residues and view the combinatorial projection as a map 

proj CT : Res sph (X) -> St (a). 
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This allows one to define two maps 

7r Ch : Ch(X) - J] St(a) :C^{a^ proj CT (C)) 

o-GResi(X) 

and 

vr Res : Res sph (X) -> St(cr) : i? i-> (cr i-> proj (T ( J R)). 

crGRes sph (A') 

The above products are endowed with the product topology, where each star is a discrete 
set of residues. This allows one to consider the closure of the image of the above maps. In 
symbols, this yields the following definitions: 

Vi(X) = Trch(Chpr)) and <T sph pT) = 7r Res (Res sph (X)). 

It is quite natural to consider the space 7TR es (Ch(X)) as well; in fact, we shall see in 
Proposition 2.12 below that this is equivariantly homeomorphic to 'rfi(X). We shall also see 
that ^i(X) may be identified to a closed subset of ^ S ph(^0- 

If the building X is locally finite, then the star of each spherical residue is finite and hence 
the spaces ^(X) and < K i ph(^) are then compact, and even metrizable since Res sp h(X) is at 
most countable. The Aut(X)-action on X extends in a canonical way to actions on ^(X) 
and ffsphiX) by homeomorphisms; the action induced by an element g € Aut(X) is given by 

Definition 2.1. The space ^i(X) and < K j ph(^) are respectively called the minimal and the 
maximal combinatorial bordifications of X. When the building X is locally finite, we 
shall use instead the term compactification. 

This terminology is justified by the following. 

Proposition 2.2. The maps ttq^ and 7TR es are G-equivariant and injective; moreover, they 
have discrete images. In particular ttq^ and 7TR es are homeomorphisms onto their images. 

Proof. We argue only with 7rch, the case of 7TR e s being similar. The equivariance is immediate. 
We focus on the injectivity. Let C and C be distinct chambers in X. There exists an 
apartment, say A, containing them both. These chambers are separated in A by some wall H, 
so that the projections of C and C on every panel in H cannot coincide. This implies that 
ftCh(C) 7^ vrch(C) as desired. 

Let now (C n ) n >o be a sequence of chambers such that the sequence {^ch{C n )) converges 
to vrch(C) for some C G Ch(X). We have to show that C n = C for n large enough. Suppose 
this is not the case. Upon extracting a subsequence, we may assume that C Tl / C for all 
n. Then there is some panel a n in the boundary of C such that proj (Tri (C n ) ^ C. Up to a 
further extraction, we may assume that a n is independent of n and denote by a the common 
value. Thus, we have proj (T (C n ) ^ C, which contradicts the fact that {irchiCn)) converges to 
vrch(C). □ 

In the case when X is locally finite, Proposition 2.2 implies that ^i(X) is indeed a com- 
pactification of the set of chambers of X: In particular the discrete set 7Tch(Ch(X)) is open in 
^i(X), which is thus indeed a compactification of Ch(X) in the locally finite case; a similar 
fact of course holds for ^^{X). 

The elements ^i(X) and ^ sp h(X) are considered as functions which associate to every panel 
(resp. residue) a chamber (resp. residue) in the star of that panel (resp. residue). In view 
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of Proposition 2.2 we may - and shall - identify Ch(X) and Res sp h(^) to subsets of ^i(X) 
and ^sphPO- In particular, it makes sense to say that a sequence of chambers converges to a 
function in ^i(X). 

We now take a closer look at the minimal bordification. The special case of a single apart- 
ment is straightforward: 

Lemma 2.3. Let f 6 ^ S ph(^0 and let (Rn) and (T n ) be sequences of spherical residues in a 
common apartment A such that (TTRes(Rn)) and (vrpj, cs (T n )) both converge to f. Then for every 
half- apartment a in A, there is some N € N such that either R n UT„C« for all n > N , or 
R n U T n C —a for all n > N , or R n UT n C da for all n > N. 

Conversely, let (R n ) be a sequence of spherical residues of A such that for every half- 
apartment a in A, there is some N G N such that either R n U T n C a for all n > N , or 
R n U T n C —a for all n > N, or R n U T n C da for all n > N. Then (R n ) converges in 

%ph(A). 

The same statements hold for sequences of chambers of A and a point f & ^(X). 

Proof. We deal only with the maximal bordification, the case of ^i(X) being similar but 
easier. 

Let H be a wall of A, let a C H and C, C be the two chambers of A containing a. For any 
spherical residue R of A, the projection proj cr (i?) coincides with C (resp. C ) if and only if R 
lies on the same side of H as C (resp. C'). It coincides with a itself if and only if R lies on 
H . The result now follows from the very definition of the convergence in ^ sp h(X). 

Let conversely (R n ) be a sequence of spherical residues of A which eventually remain on 
one side of every wall of A. Let R € Res sp h(^4). Let $ denote the set of all roots a such that 
R C da and (R n ) eventually penetrates and remains in a. Since $ is finite, there is some 
N such that R n C P| a for all n > N. In particular pro} R (R n ) C j^j a for all n > N. It 

follows from Lemma 1.1 that proj^(i? n ) coincides with the unique maximal spherical residue 
contained in O a and containing R. In particular, this is independent of n > N . Thus (R n ) 

aG<I> 

indeed converges in ^^(A). □ 

The subset of ^(X) consisting of limits of sequences of chambers of an apartment A 
is denoted by ^(A), and ^ sp h(^4) is defined analogously. One verifies easily that this is 
consistent with the fact that ^i(A) (resp. ^ sp h(^4)) also denotes the minimal (resp. maximal) 
bordification of the thin building A. However, it is not clear a priori that for every / € ^(X) 
belongs to ^(A) for some apartment. Nevertheless, it turns out that this is indeed the case: 

Proposition 2.4. The set'^'i(X) is the union of^i(A) taken over all apartments A. Similarly 
^sphiX) is covered by the union o/^ sp h(^4) over all apartments A. 

This proposition is crucial in understanding the combinatorial compactifications, since it 
allows one to reduce many problems to the thin case. The proof requires some preparation 
and is thus postponed to §2.6 

Example 2.5. Trees without leaves are buildings of type D^. Panels in these trees are vertices 
and a sequence of chambers {i.e. edges) (x n ) converges in the minimal bordification if the 
projection of x n on every vertex is eventually constant. It is easy to check that ^i{X) is 
isomorphic to the usual bordification of the tree, that is, to its set of ends. 
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It is also possible to view a homogeneous tree of valency r > 1 as the Coxeter complex 
associated to the group W = (si, . . . , s r \ sf, . . . , sf.) . The panels are then the middles of 
the edges, a chamber is a vertex with all the half-edges which are incident to it. From this 
viewpoint as well, the combinatorial bordification coincides with the visual one. 

Example 2.6. (This example may be compared to [GR06, 6.3.1]) Let us consider an apartment 
A of type A-2. It is a Euclidean plane, tessellated by regular triangles. We know by Lemma 2.3 
that we can characterize the points £ G ^(A) by the sets of roots 3>(£) associated to them. 
We may distinguish several types of boundary points. Let us choose some root basis {01,02} 
in the vectorial system of roots. Then there is a point £ € ^(A) defined by $>(£) = {a\ + 
k,a,2 + l\k,l € Z}. There are six such points, which correspond to a choice of positive roots, 
i. e. to a Weyl chamber in A. The sequences of (afflne) chambers that converge to these points 
are the sequences that eventually stay in a given sector, but whose distances to each of the 
two walls in the boundary of this sector tend to infinity. 

There is also another category of boundary points, which corresponds to sequence of cham- 
bers that stay in a given sector, but stay at bounded distance of one of the two walls defining 
this sector. With a choice of a\ and 02 as before, these are points associated to set of roots 
of the form {a\ + k, + l\k, I € Z,k < k^}. As ko varies, we get a 'line' of such points, and 
there are six such lines. 

When X is a building of type A2, by Proposition 2.4, we can always write a point in the 
boundary of X as a point in the boundary of some apartment of X. Thus, the previous 
description applies to general points of the bordification. 

Example 2.7. Let W be a Fuchsian Coxeter group, that is, whose Coxeter complex is a tessel- 
lation of the hyperbolic plane. Assume the action of W on the hyperbolic plane is cocompact. 
As in the previous example we shall content ourselves with a description of the combinatorial 
compactification of some apartment A. In order to do so, we shall use the visual boundary 
doo£ ~ S 1 . If there is a point £ of this boundary towards which no wall is pointing, then we 
can associate to it a point of the combinatorial compactification, just by taking the roots that 
contain a sequence of points converging to £. If we have a point of the boundary towards which 
n walls are pointing, we associate to it n + 1 points in ^(A), whose positions are defined in 
relations to the roots which have these n walls as a boundary. 

Moreover, let us remark that the set of limit points of walls is dense in the boundary of the 
hyperbolic plane. To prove that, it is enough to check that the action of W on S 1 is minimal 
(all its orbits are dense). Using [GdlH90, Corollary 26], the action of W on its limit set L(W) 
is minimal, and by [Kat92, Theorem 4.5.2], the limit set L(W) is in fact S l . 

Therefore, if £ and £ are two regular points (i.e. towards which no wall is pointing), then 
£ and £ are separated by some wall. In particular, we see that the construction we have just 
made always yields different points. Therefore, the compactification *ifi(A) is a refinement of 
the usual boundary. 

Example 2.8. If X = X\ x X2 is a product of buildings, then a chamber of X is just the product 
of a chamber in X\ and a chamber in X2, and the projection on another chamber is just the 
product of the projections in X\ and X2. Therefore, the combinatorial compactification 
% ph (X) is the product ^ sph (Ai) x < ^ sph (^2). 
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2.2. Projecting from infinity. In this section, we show that any function / € ^i(X) admits 
a projection on every spherical residue of X. This allows us to define the embedding of ^(X) 
into ffsp^X) alluded to above. 

Let thus £ £ ^(X) and R be any residue. Recall that R is a building [Ron89, Theorem 3.5]. 
We define the projection of £ to R, denoted proj R (£), to be the restriction of £ to Resi(i?). 
In the special case when R is a panel, the set Resi(iZ) is a singleton and the function proj^(£) 
may therefore be identified with a chamber which coincides with £,(R). 

Similarly, given £ € ^^{X) we define proj R (£) as the restriction of £ to Res sp h(-R). 

The next statement ensures that the definition of proj R is meaningful. 

Lemma 2.9. Let (C n ) be a sequence of chambers converging to £ € ^(X) and let R be a 
residue in X. The sequence of projections (proj^(C n )) converges to an element proj R (£) € 
St(<r). In particular proj R (^) is an element of^i{R). 

o-GResi (R) 

Similarly, any sequence (R n ) converging to some r/ 6 ^sph(A') yields a sequence (proj R (i? n )) 
which converges to some element of ^^{R) which is denoted by Y>TO] R {rf). 

Proof. We focus on the minimal compactification; the maximal one is similar. 

It is enough to prove the very first point. By definition of the convergence in ^i(X), 
for every panel a D R, there exists some integer N depending on a such that for n > N, 
proj (T (C n ) = £(cr). Moreover we have 

proj jR (proj (T (C n )) = proj fl (£(cr)) = £(cr). 

Now proj (T (C n ) coincides with proj .(proj^(C n )). Hence, for n > N, we have 

proj (T (proj R (C7 n )) = £(cr), 

which is equivalent to saying that (proj^(C n )) converges to proj K (£). □ 

In Lemma 2.9, if the residue R is spherical then for any £ S ^i(X), the projection proj^(£) 
may be identified with a chamber of R. Similarly, for any rj £ ^ sp h(X), the projection proj^(?7) 
may be identified with a residue in St(R). 

Let now C be a chamber and £ be a point in the boundary of ^i(X). As £ is not equal to 
C, there exists some panel in the boundary of C on which the projection of £ is different from 
the projection of C. Let / be the set of all such panels, and consider the residue R of type / 
containing C. 

Lemma 2.10. The residue R is spherical and proj^(£) is a chamber opposite C in R. 

Proof. Let (C n ) be a sequence converging to £. By Lemma 2.9, (proj R (C n )) converges to 
proj^(£). Therefore, the projection of proj^(C n ) on the panels adjacent to C n is eventually 
the same as the projection of proj^(£), that is, of £. In other words, the projection of C n on 
every panel of R in the boundary of C is always different from C. By [Bro89, IV. 6, Lemma 3], 
this implies that R is spherical and that proj R (C n ) is opposite to C. As proj^(C n ) converges 
to proj R (£), this implies that proj^(£) is opposite to C in R. □ 

Definition 2.11. The residue R defined as above is called the residual projection of £ 

on C. 

Proposition 2.12. There is a G-equivariant continuous injective map C €\{X') — > ^^(X). Its 
image coincides with the closure of Ch(A) in ^^{X) . 
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Proof. As pointed out before, the set Res sp h(X) may be identified with a subset of ^phl^O 
via the map 7TR, es . In particular we may view Ch(X) as a subset of ^sphPO- Projections to 
residues allows one to extend this inclusion to a well defined map ^l(X) — > ^^(X). The 
fact that it is injective and continuous is straightforward to check; the details are left to the 
reader. □ 

In view of this Proposition, we may identify ^i(X) to a closed subset of ^^{X). The fact 
that ^i(X) nRes sp h(A A ) coincides with Ch(X) motivates the following definition. 

Definition 2.13. A point of < ^ sp h(A A ) which belongs to ^(X) is called a chamber. If it does 
not belong to Ch(A), we say that it is a chamber at infinity. 

2.3. Extending the notion of sectors to arbitrary buildings. The notion of sectors 
is crucial in analysing the structure of Euclidean buildings. In this section we propose a 
generalisation of this notion to arbitrary buildings. This will turn out to be a crucial tool for 
the study of the combinatorial bonifications. 

Let x G Res sp h(A A ) be a spherical residue and (R n ) be a sequence of spherical residues 
converging to some £ G ^^(X). In order to simplify the notation, we shall denote the 
sequence (R n ) by R. For any integer k > we set 

Qk = P| Conv(x,R n ) 

n>k 

and 

Q(x,E) = U Q*- 

k>0 

Since Qk is contained in an apartment and since Qk C Qk+i for all k, it follows from 
standard arguments that Q(x,R) is contained in some apartment of X (compare [TitSl, 
§3.7.4] or [Ron89, Theorem 3.6]). 

Remark 2.14. Retain the same notation as before and let y be a spherical residue. If y C 
Q(x,R), then we have Q(y,R) C Q(x,R). 

Proposition 2.15. Let (R n ) = R be a sequence of spherical residues converging to £ € 
^sph(X) and let x G Res sp h(A). 

(i) The set Q(x,R) only depends on x and and not on the sequence R. 
(ii) Q(x,R) may be characterised as the smallest subcomplex P of X containing x and such 

that if R is a spherical residue in P , then for every a € St(i?) ; the projection proj (T (^) 

is again in P. 

Proof. Clearly (i) is a consequence of (ii). 

Set Q := Q(x,R) and define Q' to be the (-convex hull of x. By definition, this means 
that Q' is the minimal set of spherical simplices satisfying the following three conditions: 

• x G Q' . 

• Q' is closed. 

• For any spherical residue a C Q' we have proj CT (£) C Q' . 

We have to show that Q = Q' . To this end, let V denote the collection of all subsets of 
Res S ph(AT) satisfying the above three conditions. Thus Q' = |^| V. 

By definition, for each k > the subcomplex Qk is convex, hence closed, and contains x. 
Therefore the same holds true for Q. We claim that Q G V. Indeed, for any a G Res sp h(A^) the 
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projection proj cr (^) coincides with proj CT (i? n ) for n large enough (see Lemma 2.9). Therefore, 
for any a G Q there exists a sufficiently large k such that proj cr (^) = proj CT (i? n ) C Conv(x, R n ) 
for all n > k. Thus proj CT (£) C Qk C Q, which confirms that Q G V. In particular we deduce 
that Q' C Q. 

Let now R be a spherical residue in Q. We shall show by induction on the root-distance of 
R to x that R C Q' . 

Assume first that x D R. Then R G Q' since Q' is closed and contains x. Assume next 
that x C R. As i? € Q, we have it! € Conv(x,i? n ) for any n large enough. Since proj x (R n ) 
is the largest residue contained in Conv(x,i? n ) and containing x (see Lemma 1.1), we have 
R C proj x (i? ra ). It follows that R £ Q' since Q' is closed and since for large n we have 
proj x ( J R n ) = proj^f) G Q' . 

In view of Lemma 1.3, we may now assume that the interval [x,R] is non-empty and 
contains some spherical residue x ' . By induction x' G Q' . Let n be large enough so that 
R G Conv(x,i2 n ). We have x G [x, R] C Conv(x, R) by Proposition 1.2(iii). Thus, in 
an apartment containing Conv(x, R n ), any root containing x and R also contains x'. One 
deduces that R G Conv(x',i? n ) for all large n. In particular R G Q(x',R). By induction, we 
deduce that R belongs to the ^-convex hull of x' , which we denote by Q'(x'). Since x' G Q', 
we have Q'(x f ) C Q' whence i? G Q' as desired. □ 

Proposition 2.15 shows that Q(x,R) depends only on £ = limi?. It therefore makes sense 
to write Q(x,^) instead of Q(x,R). 

Definition 2.16. The set Q(x,£) is called the combinatorial sector, or simply the sector, 
pointing towards £ and based at x. 

Remark 2.17. In the affine case, sectors in the classical sense are also combinatorial sectors in 
the sense of the preceding definition (see example 2.21). However, the converse is not true in 
general. 

The following shows that the sector Q(x,£) = Q(x,(R n )) should be thought of as the 
pointwise limit of Conv(x, R n ) as n tends to infinity: 

Corollary 2.18. Let x G Res sp h(A) and (R n ) be a sequence of spherical residues converging 
to some £ G < ^ sp h(A). For any finite subset F C Res sp h(^0 there is some N > such that for 
any n> N, the respective intersections of the sets Q(x,^) and Conv(x, R n ) with F coincide. 

Proof. It suffices to show that for each y G F, either y C Conv(x, R n ) for all large n, or 
y (I Conv(x,i? n ) for all large n. 

If y C Q(x,£), this follows at once from the definition of Q(x,£). 

Assume now that y is not contained in Q(x,£). We claim that there is some N > 
such that y Conv(a;, R n ) for all n > N. Indeed, in the contrary case for each n > 
there is some (p(n) > n such that y is contained in Conv(x, R v ( n ))- Therefore we have 



The following interpretation of the projection from infinity shows in particular that for all 
x G Res S ph(^) and £ G < io sp \ i {X) 1 the projection proj a; (^) is canonically determined by the 
sector Q(x,£), viewed as a set of spherical residues. 
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Corollary 2.19. For all x G Res sp h(X) and £ G ^sphiX), the projection proj^) coincides 
with the unique maximal residue containing x and contained in Q(x,£). 



Proof. Follows from Lemma 1.1 and Corollary 2.18. 



□ 



Example 2.20. Let X be a tree. It has been seen in example 2.5 that ^i(X) coincides with 
the visual compactification X U d^X. If £ G d^X, then Q(x,£) is the half-line starting from 
x and pointing towards £. 

Example 2.21. Let X be a building of type A 2 . As explained in example 2.6, there are several 
type of boundary points. The sectors pointing towards different types of boundary points 
have different shapes. Furthermore, there are two possible orientations for chambers, which 
give also different shapes to the sectors. 

Let £1 be the point of the boundary which corresponds, in a given apartment A, to a set 
of roots 3>a(£i) = {a-i + k,a2 + l\k,l G Z}. Let x be a chamber in A. To determine Q(x,£i), 
we have to consider the roots in the direction of a± and a 2 that contain x. We then have two 
possibilities for Q(x,£i), according to the orientation of x. If x is oriented 'towards £1', then 
Q(x,£i) is the classical sector based at x and pointing towards £1. Otherwise, Q(x,£i) is a 
troncated sector. These two possibilities are described on Figure 1. 

Now, let £2 be the point in the boundary of A determined by $^(£2) = {^l + k, 02 + l\k, I G 
Z, k < ko}. The sector Q(x,^) is determined in the same way as Q(x,£i), but we now have 
to stop at the root a\ + ko. Thus, we get a 'half-strip' which goes from x, stops at the root 
a\ + ko, and is in the direction of 0,2- Once again, the precise shape of this half-strip depends 
on the orientation of x. These two possibilites are described on Figure 2. 





Figure 1. Q(x,£i) 
Q(y,£i), where $(£1) 
{a\ + k, a,2 + l\k, I G Z} 



and 



Figure 2. Q(x,£ 2 ) and 
Q(y,£ 2 ), where $(£ 2 ) = 
{ai + k,a 2 + l\k,l G Z, k < 
ko} 
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2.4. Sectors and half-apartments. The use of sectors will eventually allow us to study the 
combinatorial compactifications of X by looking at one apartment at a time. The first main 
goal is to obtain a proof of Proposition 2.4. Not surprisingly, retractions provide an important 
tool. 

Lemma 2.22. Let x G Ch(X) and (R n ) be a sequence of spherical residues converging to 
some £ G ^^(X). Let A be an apartment containing the sector Q(x,£). Then we have 

qm=\j n c ° nv ( 

■E] PA,x (Rn))- 

k>0n>k 

Proof. Let Q k = Q Conv(x, Rn), Q' k = Q Conv(x, pA,x(Rn)), Q = Q(x,0 = [J Qk and 

n>k n>k 

Q' = (^jQfc. We must show that Q = Q' . Since these are both (closed and) convex and 

contain the chamber x, it suffices to show that Ch(Q) = Ch(Q'). 

Fix k > 0. Let C G Ch(Q k ) and let n > k. Then C belongs to a minimal gallery from x to 
a chamber containing R n . Since C C A, the retraction pa, x fixes C and hence C belongs to a 
minimal gallery from x to a chamber containing pA,x{Rn)- This shows that Ch(Qfc) C Ch(Q' k ). 
Therefore we have Ch(Q) C Ch(Q'). 

Suppose for a contradiction that there exists some C G Ch(Q') \ Ch(Q). Choose C at 
minimal possible distance to Ch(Q). Thus C is adjacent to some chamber C € Ch(Q). Let 
a = C7 fl C be the panel shared by C and C' and a be the half-apartment containing C' and 
such that da contains a. Since cr C Q, we have proj CT (a;) C Q, whence proj CT (x) = C and 
x C a. 

Let now k be such that C C Conv(x, pA,x(Rn)) for all n > k and let C n denote the unique 
element of Conv(x, R n ) such that pA,x(C n ) = C. Each C n contains the panel a and we have 
proj (T (i?„) = C n . Therefore, we deduce that £(cr) = C n (see Lemma 2.9). Since Q C A, this 
implies that C n C A by Proposition 2.15. Therefore we have C = pA,x(C n ) = C n , whence 
C C Conv(x, Rn) for all n>k. This implies that C is contained in Q, which is absurd. □ 

Lemma 2.23. Let x G Ch(X) and (R n ) be a sequence of spherical residues converging to some 
£ G ^^(X). Let A be an apartment containing the sector Q(x,£). Then for any chamber 
C G CYi(A), we have Q(C,£) C A. Moreover there exists k > such that PA,c(Rn) = PA,x(Rn) 
for all n > k. 

Proof. By connexity of A, it suffices to prove that for any chamber C adjacent to x, the sector 
Q(C,£) is contained in A and furthermore that PA,c(Rn) = PA,x(Rn) for all sufficiently large 
n. Let a = x n C be the panel separating x from C . 

Since a C Q(x,£), Proposition 2.15 implies that £(cr) is contained in A. The only possible 
values for £(cr) are thus x,C and <r. We treat these three cases successively. 

If = C 1 then C C whence Q(C,£) C A by Remark 2.14. The desired claims 

follow by definition. 

If £(<r) = re then x G Conv(C, _R n ) for n sufficiently large. Thus there is a minimal gallery 
from C to a chamber containing R n via x and it follows that PA,c{Rn) = PA,x(Rn) since 
x G Ch(y4). The fact that Q(C,£) is contained in A now follows from Lemma 2.22. 

If £(<r) = a, pick a large enough n so that proj (T (i2 n ) = a. Let ^4 n be an apartment 
containing x U R n . Then ii n lies on a wall _ff n of A n containing a, and the convex hull 
Conv(x, R n ) lies entirely on one side of H n \ we call the latter half-apartment a. Since the 
chamber C contains the panel a C H n , there is a half-apartment (3 bounding H n and containing 
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C. Therefore, upon replacing A n by a U (3, there is no loss of generality in assuming that C 
is contained in A n . It follows readily that PA,c(Rn) = PA,x(Rn)- As in the previous case, the 
fact that Q(C, £) is contained in A follows from Lemma 2.22. □ 

The following is an analogue of Lemma 2.3 in the non-thin case. 

Lemma 2.24. Let x G Ch(X), (R n ) be a sequence of spherical residues converging to some 
S, G ^sph(^) and A be an apartment containing the sector Q(x,£). Set R' n = pA,x(Rn)- For 
any half- apartment a of A, there is some N such that for all n > N we have R' n C a or 
R' n C —a. 

Proof. Let C, C' be the chambers of A such that CdC' = a. Let also a be the half-apartment 
containing C but not C . Assume that the sequence {R' n ) possesses two subsequences R'^n) 
and R'ip( n ) such that R'^ n ) is strictly contained in a and R'^f n ) is strictly contained in —a. 
Then Conv(C, R'^^ ) contains C' for all n while Conv(C, R'^^) does not. This contradicts 
Lemma 2.22, thereby showing that the sequence R' n eventually remains on one side of the wall 
da. □ 

Definition 2.25. Let denote the set of all half-apartments a of A such that the sequence 

(R' n ) eventually lies in a. In view of Lemma 2.23, this set is independent of x G Ch(A), but 
depends only on A and £. 

One should think of the elements of as half-apartments 'containing' the point £. 

Notice that if £ = R is a residue, then &a(0 is nothing but the set of those half-apartments 
which contain R. 

Notice that two opposite roots a, —a might be both contained in $>a(£,)'i i n view of Lemma 2.24, 
this happens if and only if the residue (R' n ) lies on the wall da for all sufficiently large n. 

Lemma 2.26. Let x E Ch(X) and (Rn) be a sequence of spherical residues converging to 
some £ € ^^(X). Let A be an apartment containing the sector Q(x,^). Then the sequence 
(pA,x(Rn)) converges in ^ sp h(^4) and its limit coincides with the restriction of £; to Res sp h(^4). 
Furthermore, for any £' € ^ sp h(A), we have £' = £ if and only if $^(^0 = &a((,)- 

Proof. Let R G Res sp h(^4) and H(R) denote the (finite) set of all walls containing R. By 
Lemma 2.24, there is some such that R' n remains on one side of each wall in H(R) for all 
n > N . The fact that the sequence (R' n ) converges to some £ G < ^ 7 S ph( j 4) thus follows from 
Lemma 2.3. By construction we have &a(£, ) = &a(0- All it remains to show is thus that £ 
and £' coincide. 

We first show that they coincide on panels. Let thus a C A be a panel and C, C' G Ch(A) 
be such that C D C = a and C C a. The following assertions are straightforward to check: 

• = C if and only if Q(C,£) and Q(C ,£) both contain C; 

• {(a) = C if and only if Q(C,0 and Q(C",f) both contain C'; 

• £(cr) = a if and only if Q(C, £) does not contain C and vice- versa. 

Now remark that Q(y,£) = Q(y,£') for any chamber y G Ch(A) in view of Lemma 2.22. 
Therefore, we deduce from the above that £ and £' coincide on a. 

It remains to observe that for any two spherical residues R, R ', the projection proj^(-R') is 
uniquely determined by the set of all projections proj cr (i? ) on panels a containing R. □ 

The next result supplements the description provided by Proposition 2.15. 
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Proposition 2.27. Let x € Ch(X), £ € ^sphPO and A be an apartment containing the sector 
Q(x,£). Then we have 

Q( X ,o= n a - 

Proof. Set Q = Q(x,£) and Q' = a. By Lemma 2.26 there is a sequence (R' n ) 

a£$ A {x)n<3> A (£) 

of spherical residues of A converging to £ in ^ sp h(^4). 

A half-apartment a belongs to $a(£) if and only if R' n C a for any sufficiently large n. 
Therefore, the equality Q = Q' follows from Lemma 2.22. □ 

The following result allows one to extend all the results of this section to sectors based at 
any spherical residues, and not only at chambers. It shows in particular that sectors based at 
residues which are not chamber may be thought of as sector-faces: 

Corollary 2.28. Let x G Res sp h(A), £ € "SfsphPO and A be an apartment containing the 
sector Q(x,£). Then Q(x,£) coincides with the intersection of all sectors Q(y,£) where y runs 
over the set of chambers of A containing x. 

Proof. By Lemma 2.26, there is a sequence (R n ) of spherical residues of A converging to £ in 
^sph(A). By Proposition 2.15 we have Q(x,£) = O Conv(i?, R n )- 

k>0n>k 

Let C be the set of all chambers of A containing x. Using the fact that the convex hull of 
two residues is nothing but the intersection of all roots containing them, we deduce that for 
any R n we have 

Conv(x,i? n ) = P| Conv(y,R n ). 

y ec 

It follows that 

Q( x >£) = U fl fl Conv(y,i^). 

k>0y£Cn>k 

All it remains to show is thus that 

u n n conv (^) = n u n conv^iu 

k>0y£Cn>k y£Ck>0n>k 

To establish this equality, notice that the inclusion C is immediate. The reverse inclusion 
follows similarly using the fact that C is a finite set. □ 

We close this section with the following subsidiary fact. 

Lemma 2.29. Let x G Res sp h(A), £ E ^ sp h(X) and A be an apartment containing the sector 
Q = Q(x,£). Then for all ai, ....... a n £ <!>a(£,), the intersection 

n 

Q(x,On(f)ai) 

i=i 

is non-empty. 

Proof. In view of Corollary 2.28, it is enough to deal with the case x is a chamber. Thus we 
assume henceforth that x € Ch(A). 

If the result is true with n = 1, then it is true for any n by a straightforward induction 
argument using Remark 2.14. 
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We need to show that the sector Q(x, £) penetrates any a € &a(0- We work by induction on 
the dimension of Davis' CAT(O) realisation \X\ of X (see [Dav98]). Recall that this dimension 
equals the maximal possible rank of a spherical residue of X. We call it the dimension of X 
for short. 

Pick a sequence (Rn) of spherical residues of A converging to £ in ^ sp h(^4); such a sequence 
exists in view of Lemma 2.26. In order to simplify the notation, choose (Rn) in such a way that 
Ro = x. Since the desired result clearly holds if £ is an interior point, namely £ £ Res sp h(^0, 
we shall assume that (Rn) goes to infinity. 

Let p n € |i2 n |. Upon extracting, the sequence (p n ) converges to some point rj of the visual 
boundary $oo|^4| C <9oo|X|. Let Tin denote the set of all walls H of A such that rj € d\H\. 
Equivalently some geodesic ray of \A\ pointing to 77 is contained in a tubular neighbourhood 
of \H\. Let also W denote the Weyl group of X (which acts on \A\ by isometries), and W n 
denote the subgroup generated by the reflections associated with the elements of Tin- Recall 
from [Deo89] that W v is a Coxeter group. 

Let now a S $>a(Q- K x C a, then Q(x,£) C a by Proposition 2.27 and we are done. We 
assume henceforth that x is not contained in a. 

Recall that x = Ro. In particular po € \x\. Therefore, Proposition 2.27 implies that the 
geodesic ray \po,r]) is entirely contained in \Q(x,£)\. In particular, if this ray penetrates \a\, 
then we are done. We assume henceforth that this is not the case. Since p n £ \a\ for any large 
n, this implies that the wall da belongs to Tin- 

We claim that there is some R £ Res sp h(^4) such that R C a and R C for all € 
$a(%) n 3>a(£) such that dj3 £ Tin- The proof of this claim requires to use the induction 
hypothesis for the thin building An associated to the Coxeter group W v . The walls and the 
roots of A v may be canonically and W^-equivariantly identified with the elements of Tin- This 
yields a well defined VF^-equivariant surjective map ir„ : Res sp h(^4) — ► Res sp h(^4r?) which maps 
a residue a to the unique spherical residue which is contained in all roots <f> containing a and 
such that dcp € Tin- The way ir v acts on Ch(^4) is quite clear: it identifies chambers which are 
not separated by any wall in TC„. 

We now verify that dim(^4^) < dim(^4) = dim(X). Indeed, a spherical residue in a Davis 
complex is minimal (i.e. does not contain properly any spherical residue) if and only if it 
coincides with the intersection of all walls containing it. Now, given a spherical residue of 
maximal possible rank a in A„, then on the one hand the intersection in of all the walls 
in Tin containing \a\ coincides with \a\, but on the other hand the intersection of these same 
walls in \A\ is not compact since it contains a geodesic ray pointing to r\. This shows that 
dim(.A) > dim(A^) as desired. 

We are now in a position to apply the induction hypothesis in A v . Notice that, upon 
extracting, the sequence (^ n (Rn)) converges in ^^(An) to a point which we denote by vr r? (£). 
Furthermore, we have 

*A,M£)) = {0e$A(O \dpeHn}. 

By induction there is some R 1 € Res sp h(A;) contained in both a and Q(n n (x), vr r? (£)). Let 
R € Res sp h(^4) be any element such that n n (R) = R' . In view of Proposition 2.27, we have 
R C a and R C (3 for all (5 € <&a(x) H &a(Q such that 8(3 E Tin, which confirms the above 
claim. 
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Pick now p & \R\ any point supported by R and consider the geodesic ray p joining p to r\. 
We shall prove that this ray penetrates \Q(x,£)\, from which the desired conclusion follows. 
Let q n = p(n) for all n > 0. 

Suppose for a contradiction that for all n, we have q n ^ |Q(a;,£)|. Then, in view of Propo- 
sition 2.27 there exists a root a n 6 <&a(%) H $a{€) which does not contain q n . 

We claim that none of the <9a n 's separate the ray [x, rj) from [p, rj). Indeed, if da n did, then 
it would belong to Ti^, which contradicts the definition of R. 

Since [x,rj) C \Q(x,^)\ C \a n \ for any n, it follows in particular that for each n there is 
some n' such that q n > is contained in a n . Upon extracting, we may assume that either n > n 
or n' < n for all n. In either case, it follows that the set {a n } is infinite and that for any k, 
the intersection — a k contains some point of q' k E [p, rj). In particular, when k tends to 

n<k 

infinity, the number of walls separating q' k from [x, rj) tends to infinity, which contradicts the 
fact that [x, rj) and [p, rj) are at finite Hausdorff distance from one another. □ 

2.5. Incidence properties of sectors. The goal of this section is to establish that two 
sectors pointing towards the same point at infinity have a non-empty intersection. This should 
be compared to the corresponding statement in the classical case of Euclidean buildings, 
see [BTT2, 2.9.1]. 

Proposition 2.30. Let £ be any point in ^^{X). Given any two residues i,t/£ Res sp h(^0, 
there exists z G Res sp h(^) such that Q{z,£) C Q(x,^) nQ(y,^). 

Proof. In view of Remark 2.14, it suffices to prove that the intersection Q(x,£) n Q(y,C) 
contains some spherical residue z. We proceed by induction on the root-distance d(x,y). 

If x C y or y C x, the result is clear. Thus there is no loss of generality in assuming 
that the open interval ]x,y[ is non-empty, see Lemma 1.3. Let z £ ]x,y[. By induction there 
exists a € Q(x,^) n Q(z,£,) and b € Q{y,C) n Q(z,(,). Therefore, it suffices to show that 
Q(a,^) fl Q{b,£) is non-empty. Since the sectors Q(a,^) and Q(b,^) are both contained in 
Q(z,£), it follows in particular that they are contained in a common apartment, say A. Let 
o>±, . . . , afc be the finitely many elements of &a(<i) fl \ ^a(^)- By Lemma 2.29, there is 

some spherical residue R contained in Q(b,^) as well as in each Qj. 

We claim that R € Q(a,^). If this were not the case, there would exist some a £ <3?A(a) H 
3>a(£) n ot containing in view of Proposition 2.27. The same proposition shows that if b C a, 
then Q(b,£) C a which is absurd since R C Q(b,£). Therefore we have b (jL a or equivalently 
o $ &A{b)- Thus a coincides with one of the c^'s, and yields again a contradiction since 

k 

R C O aj. This confirms the claim, thereby concluding the proof of the proposition. □ 

i=l 

2.6. Covering the combinatorial compactifications with apartments. We are now able 
to prove Proposition 2.4. In fact we shall establish the following more precise version. 

Proposition 2.31. Given £ € ^sph(^); we have the following. 

(i) There exists a sequence of spherical residues (xo, x±, . . .) which penetrates and even- 
tually remains in every sector pointing to £, and such that x n = proj Xii (£) for all 
n. 

(ii) Every such sequence converges to £. 
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Proof of Propositions 2.4 and 2.31. In view of Proposition 2.12 and the fact that a sequence 
as in (i) eventually remains in one apartment, it suffices to prove Proposition 2.31. 

(i) Let Q be some sector pointing to £ and A be an apartment containing Q. Since A is locally 
finite and since any finite intersection of sectors pointing to £ is non-empty by Proposition 2.30, 
it follows that Q contains a sequence (x n ) of spherical residues which penetrates and eventually 
remains in every sector contained in A and pointing to £. Furthermore, upon replacing x n 
by proj a . ri (£) for all n > 0, we may and shall assume without loss of generality that (x n ) is 
eventually meets the interior of every root a € 3>a(£) such that —a g" 3>a(£)- Notice that 
Projxjproj^)) = proj a . n (£) in view of Corollary 2.19. 

If Q 1 is any other sector pointing to £, then QdQ' contains some sector by Proposition 2.30. 
Therefore (R n ) eventually penetrates and remains in Q' as desired. 

(ii) Let (Rn) be a sequence of spherical residues which eventually penetrates and remains in 
every sector pointing to £, and such that R n = proj^ n (£) for all n. Then the assumption 
on (Rn) ensures that the sequence (Rn) eventually remains on one side of every wall of A 
(see Proposition 2.27). In particular (Rn) converges to some £' G < K jp h(^4) by Lemma 2.3. By 
construction we have $a(£) C $>a(£)- Furthermore, since the sequence (Rn) eventually leaves 
every root a of A such that —a <&a(0> we obtain in fact <£a(£) = ®a(€')- Thus £ = £' by 
Lemma 2.26. Therefore we have proj^(£) = proj^(£') = pvoj R (R n ) for any sufficiently large 
n. 

Since R € Res sp h(^0 is arbitrary, we have just established that R n converges to £ in ^ sp h(X) 
as desired. □ 

We have seen in Lemma 2.3 that a sequence (Rn) contained in some apartment A converges 
to £ € ^ sp h(^4) if and only if it eventually remains on one side of every wall of A. By 
Proposition 2.27, the latter is equivalent to the fact that (Rn) eventually penetrates and 
remains in every sector of A pointing to £. As we have just seen in the above proof, this 
implies that (Rn) converges in ^^(X). Thus we have proven the following: 

Corollary 2.32. Let (R n ) be a sequence of spherical residues contained in some apartment 
A. If (Rn) converges in ^ S ph(A), then it also converges in ^phpsT)- In particular, it always 
admit a subsequence which converges in ^ S ph(^). □ 

3. HOROFUNCTION COMPACTIFICATIONS 

Let Y be a proper metric space, i.e. a metric space all of whose closed balls are compact. 
Given a base point yo E Y, we define <^(Y, yo) as the space of l-Lipschitz maps Y — ► K taking 
value at yo- The topology of pointwise convergence (which coincides with the topology of 
uniform convergence since Y is proper) turns JP(Y,yo) into a compact space. To each p € Y 
we attach the functions 

dp : Y -> R : y h-> d(p, y) 

and 

/ p :F^1:j/h d(p, y) - d(p, y ). 
Then f p belongs to J^(Y, yo) and it is a matter of routine verifications to check that the map 

Y ^^(Y,y ) :p^f p 

is continuous and injective. We shall implicitly identify Y with its image. The closure of Y 
in &(Y,yo) is called the horofunction compactification of Y. We denote it by ^horo(^)- 
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Since &(Y, yo) may be canonically identified with the quotient of the space of all 1-Lipschitz 
functions by the 1-dimensional subspace consisting of constant functions, it follows that the 
horofunction compactification is independent of the choice of the base point yo. 

It is well known that the horofunction compactification of a proper CAT(O) space coincides 
with the visual compactification, see [BH99, Theorem II. 8. 13]. In the case of a locally finite 
building X, several proper metric spaces may be viewed as realisations of X: Davis' CAT(O) 
realisation \X\ is one of them; the chamber graph (i.e. the set of chambers endowed with 
the gallery distance) is another one; the set of spherical residues Res sp h(X) endowed with the 
root-distance is yet another. It should be expected that the respective horofunction compacti- 
fications of these metric spaces yield different spaces which may be viewed as compactifications 
of the building X. This is confirmed by the following. 

Theorem 3.1. The minimal combinatorial compactification of a locally finite building X is 
Aut (X)-equivariantly homeomorphic to the horofunction compactification of its chamber graph. 

Similarly, the maximal combinatorial compactification of X is Aut(X) -equivariantly home- 
omorphic to the horofunction compactification o/Res sp h(A) endowed with the root- distance. 

Abusing notation slightly, we shall denote by ^horo(A^) the horofunction compactification 
of (Res sp h(X), d), where d denotes the root-distance. Since by definition the chamber graph 
embeds isometrically into (Res sp h(A"), d), it follows that ^horo(Ch(X)) is contained as a closed 
subset in ^horoC^O- This is confirmed by combining Proposition 2.12 with Theorem 3.1. 

Proof of Theorem 3.1. In one sentence, the above theorem holds because the combinatorial 
bordifications are defined using combinatorial projections, and the latter notion may be defined 
purely in terms of the root-distance (see Corollary 1.4). Here are more details. 

We deal only with the maximal combinatorial compactification, the case of the minimal one 
being similar but easier. 

Let (Rn) and (T n ) be two sequences of spherical residues which converge to the same point 
£ G ^sph(A'). We claim that the sequences (fn„) and (fr n ) both converge in ^horo(A) and 
have the same limit. 

Let x G Res sp h(AT). We show by induction on the root-distance d(x,yo) between x and a 
base point yo Kes sp ^(X) that fR n {x) and fr n (x) take the same value for all sufficiently large 
n. This implies the above claim. 

Assume first that x C yo. Let A be an apartment containing yo and R n . Consider the roots 
of A. Since i C yo, we have 

\<S> A (R n ,yo)\-\$A{Rn,x)\ = \$ A (R n ,y )\$ A (R n ,x)\ 

= \<f> A {proj x (R n ),yo)\, 

where the last equality follows since every root containing R n Ux also contains (pvo} x (R n ), 
and conversely any root containing proj x (i? n ) but not yo also contains R n U x. By similar 
arguments, one obtains 

\$ A (x,R n )\ - \$ A (yo,R n )\ = \&A(x,piO] x (Rn) Uy )\, 

where Q A (x, proj x (i? n ) U yo) denotes the set of all the roots of A containing x but neither 
proj a .(i? n ) nor yo- Remark that the projection proj a ,(i? n ) coincides with proj a ,(£) for any 
sufficiently large n. This shows that 

fRn( x ) = d Rn (x) - d Bn (y ) 

= ^ A (Rn,x)\ - \$ A (R n ,yo)\ + \$ A (x,R n )\ - |$ A (yo,#n)|) 
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depends only on x, yo and proj x (^) and for any large enough n. In particular this shows that 
the sequence (f Rn ) converges and its limit coincides with the limit of (/t„) as expected. 
The same arguments apply to the case x D yo- 

Assume now that x and yo are not contained in one another. Then the open interval ]x,yo[ 
is non-empty by Lemma 1.3. Let z be an element of this interval. By induction the sequences 

n >-> d Rn {z) - d Rn (y ) 

and 

n >-> d Rn (x) - d Rn {z) 

both converge to some value which depends only on £. Since the sum of these sequences yields 
{fR n {x)), the desired result follows. 

This provides a well defined Aut(X)-equivariant map ^^(X) — > ^horo(A) : £ h- > f%. A 
straightforward modification of the above arguments also show that the latter map is contin- 
uous. 

Let now (R n ) be a sequence of spherical residues such that (f Rn ) converges to some / G 
^horo(AT). Given x G Res sp h(A), the projection pioj x (R n ) coincides with the unique spherical 
residue a containing x and such that fj^ (a) is minimal with respect to the latter property (see 
Corollary 1.4). Since X is locally finite, the set St(x) is finite and we deduce from the above 
that proj x (i? n ) takes a constant value, say £f(x), for all sufficiently large n. Furthermore, 
if (T n ) were another sequence such that (fr n ) converges to / E ^horoPO) then the same 
arguments shows that proj I .(T n ) also converges to the same £f(x). This shows that there is 
a well defined Aut(X)-equivariant map ^horo(^) - ► ^sph(AT) :/•—►£/ such that f^. = f and 
£ /f = ? for all / G tf hoio (X) and ^ £ ^sph(A). 

Thus ^horo(^) and ^ sp h(A") are indeed Aut(X)-equivariantly homeomorphic. □ 

4. Group-theoretic compactifications 

4.1. The Chabauty topology. Let G be a locally compact metrizable topological group 
and 5(G) denote the set of closed subgroups of G. The reader may consult [Bou07b] for an 
exposition of several equivalent definitions of the Chabauty topology on S(G); this topology 
is compact (Theorem 1 of §5.2 in loc. cit), metrizable and preserved by the conjugation action 
of G. The next proposition provides a concrete way to handle convergence in this space and 
could be viewed as yet another definition of the Chabauty topology. 

Lemma 4.1. Let F n G S(G) for n > 1. The sequence (F n ) converges to F G S(G) if and 
only if the two following conditions are satisfied: 

(i) For every sequence (x n ) such that x n G F n , if there exists a subsequence (aw n )) converg- 
ing to x G G, then x G F. 

(ii) For every element x G F, there exists a subsequence (x n ) converging to x and such that 
x n G F n for every n > 1. 

Proof. See [GR06, Lemma 2]. □ 

4.2. Locally finite groups. Let G be a topological group. The group G is said topologically 
locally finite (or simply locally finite when there is no ambiguity) if every finitely generated 
subgroup of G is relatively compact. Zorn's lemma allows one to define the locally finite 
radical of G (or LF-radical), denoted RadLF(G), as the unique subgroup of G, which is 
normal, topologically locally finite, and maximal for these properties. It may be shown that 
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if G is locally compact, then the closure of a locally finite subgroup is itself locally finite (see 
[Cap07, Lemma 2.1]). In particular, in that case the LF-radical is a closed subgroup. 

One also shows that if G is locally compact, then G is locally finite if and only if every 
compact subset of G topologically generates a compact subgroup of G (see [Cap07, Lemma 
2.3]). In particular a locally compact topologically locally finite group is amenable. 

Example 4.2. Let F be a non-archimedean local field, with absolute value | • | and ring of 
integers Of- In contrast with the archimedean case, the group (F, +) is locally finite. Indeed, 
if x\ , . . . , x n are elements of F, then the subgroup they generate is included in the ball centered 
at the origin and of radius equal to the maximum of the absolute values of the Xi . 

The group F x is not locally finite: if |x| ^ 1 is different than one, then x n will leave every 
compact set as n tends to ±oo. So RadLF(^ x ) C O f , which is itself a compact group, and 
thus we have equality: RadLF(^ X ) = Op- 
Example 4.3. With the same notations as in the example above, let P be the subgroup of 
SL3(F) consisting of upper triangular matrices. The same argument as above proves that 
Radu(-P) is included in the group D of matrices of the form 

a€O p * G F * G F\ 
b G O f * G F . 
(ab)- 1 / 

It turns out that D itself is locally finite. Indeed, if Ai, . . . , A n are matrices in D, then a simple 
calculation shows that the absolute values of the elements of the upper diagonal elements in 
products and inverses of the Ai are bounded. Then it follows that the upper right element is 
also of absolute value bounded. Hence RadLF(-P) = D. 

The group D appears as an example of a limit group in [GR06, §6.2]. Similar calculations 
also prove that the other limit groups which appear in [GR06, §6.2], such as the group of 
matrices of the form 

a b * G F \ 
c d * £ F 
(ad- be)" 1 ) 

with ( a c h d ) G GL 2 (0f), are locally finite. 

4.3. Stabilisers of points at infinity. Let X be a building and G be a locally compact group 
acting continuously by type-preserving automorphisms on X in such a way that the stabiliser 
of every spherical residue is compact. A special case in which the latter condition automatically 
holds is when the G-action on the CAT(O) realisation \X\ is proper. In particular, this happens 
if X is locally finite and G is a closed subgroup of Aut(X). 

The goal of this section is to provide a description of the G- stabilisers of points in ^ sp h(X). 

Lemma 4.4. Let x G Res sp h(AT) and £ G ^sphPO- Then any element g G G fixing x and £ 
fixes the sector Q(x,£) point-wise. 

Proof. It is clear that g stabilises Q{x,£), Let A be an apartment containing Q(x,£) and p 
be a retraction onto A centred at some chamber C containing x. Let gA '■ A — > A denote the 
restriction p o g to A. Thus gA is a type-preserving automorphism of A and all we need to 
show is that it fixes Q(x,£) pointwise. Let y G Q(x,£). If y C x, then y is fixed by gA since 
gA is type-preserving. If x C y, then y is contained in proj^f;) by Corollary 2.19 and is thus 
fixed by gA- Now, in view of Lemma 1.3, the desired assertion follows from a straightforward 
induction on the root-distance d(x,y). □ 
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Recall that an element of a topological group is called periodic if the cyclic subgroup it 
generates is relatively compact. 

Lemma 4.5. Let £ € ^sphiX) and G^ be its stabilizer in G. We have the following, 
(i) The set of periodic elements g E G^ coincides with RadLF(G^). 

(ii) For any apartment A containing a sequence of spherical residues converging to £, we have 
Rad LF (G 5 )= (J Fix(Q(x,0)= |J Fht(Q(x,£)). 

xeRes aph (X) xGRes sph (A) 

Proof, (i) Clearly, every element of RadLF(G^) is periodic. Conversely, let g be a periodic 
element in G^. Then g fixes a point in \X\ by [BH99, II. 2. 8], and hence a spherical residue x G 
Res sp h(A). Now, given finitely many periodic elements g n and denoting by x n G Res sp h(AT) 

n 

a <7 n -fixed point, the group (gi, ■ ■ ■ , g n ) fixes f^\Q(xi,0 pointwise by Lemma 4.4. In view 

i=l 

of Proposition 2.30, the latter intersection is non-empty. Thus (g±, . . . ,g n ) fixes a spherical 
residue and is thus contained in a compact subgroup of G. This shows in particular that the 
set of periodic elements forms a subgroup of G which is locally finite. The desired conclusion 
follows. 

(ii) In view of Lemma 4.4, the equality Radi^G^) = Fix(Q(x, £)) is a reformulation 

x€Rcs sph (X) 

of (i). The inclusion Fix(Q(x,£)) D Fix(Q(x,^)) is immediate and the 

xeRes S p h (X) zeRcs sph (A) 

reverse inclusion follows from Proposition 2.30. □ 

Example 4.6. In the case of affine buildings, there are some points £ € c tf sp h(X) such that 
the combinatorial sectors are usual sectors. In this case, the group G^ and RadLF(G^) were 
already considered in [BT72, §4], where they were denoted respectively 03 and 2$o. 

Although we shall only need the following in the special case of sectors, it holds for arbitrary 
thin sub-complexes. 

Lemma 4.7. Let Y be a convex sub-complex of an apartment A of X. Assume that G acts 
strongly transitively on X. Then the pointwise stabiliser of Y in G is topologically generated 
by the pointwise stabilisers of those roots of A which contain Y. Furthermore, this group acts 
transitively on the set of apartments containing Y. 

Proof. As Y is convex, it coincides with the intersection of roots in A containing it. Let H 
be the subgroup of Fixc(Y) topologically generated by the pointwise stabilisers of such roots. 
We will first prove that H is transitive on the set of apartments containing Y. Let A' be such 
an apartment. 

We shall repeatedly use the following fact which is easy to verify: since the G-action is 
strongly transitive, given two apartments A\,A% which share a common half- apartment a, 
there is an element g S G fixing a pointwise and mapping A\ to A2. 

This remark implies in particular that there is an element of H which maps A to some 
apartment containing a chamber of C of A which meets Y. Therefore, it suffices to prove the 
desired assertion for the convex hull of CUY. In other words, we may and shall assume that 
Y contains some chamber Cq. 
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Let C\ be a chamber of A which meets Y but is not contained in it. The above remark yields 
an element g\ € H which maps A' =: A' to some apartment A\ containing C\. Proceeding 
inductively, one constructs sequences (C n ), (A' n ) and (g n ) such that: 

• C n is a chamber of A not contained in Y n := Conv(y U {Co, • • • , C n _i}); 

• A' n is an apartment containing Y ni U C n and sharing a half-apartment with A^_ x \ 

• g n is an element of H which maps A' n _ 1 to A' n . 

Furthermore, these sequences are built in such a way that A is covered by ^J^n- Thus for 

n 

each C' € Ch(A') there is some large n such that pa,c{C) C Y n and we deduce that h m (C') 
is contained in A for all m > n, where the sequence (h m ) defined by h m = g m ■ ■ ■ g\. Since H 
is compact, the sequence (h m ) subconverges to some h € H . Since the G-action is continuous, 
the above implies that h maps A 1 to A, as desired. 

It remains to show that Fixc(Y) C H. Let thus g £ Fixc(Y) and set A' = gA. There exists 
some h £ H such that hA' = A. Hence hgA = A and since hg fixes Y pointwise, it is enough 
to show that the subgroup of Stabc(^4) which fixes Y pointwise is contained in H. The latter 
subgroup is trivial if Y contains a chamber. Otherwise it is generated by all the reflections 
of Stabc( J 4) fixing Y . It is well known and easy to see how to express such a reflection as 
a product of three elements, which each fixes pointwise a root of A. Thus there reflections 
indeed belong to H ', as desired. □ 

Combining Lemmas 4.5 and 4.7, one obtains a description of the locally finite radical 
RadLF(C^) in terms of root groups. 

4.4. Description of the group-theoretic compactification. We now assume that the 
building X thick and locally compact, i.e. of finite thickness. In particular the automor- 
phism group Aut(X) of X, endowed with the topology of pointwise convergence, is locally 
compact and metrisable. Let G < Aut(X) be a closed subgroup consisting of type-preserving 
automorphisms . 

We assume that G acts strongly transitively on X, i.e. G acts transitively on the set of 
ordered pairs (C, ^4) where C is a chamber and A an apartment containing C. (Throughout 
it is implicitly understood that the only system of apartments we consider the full system.) 
In particular, the group G is endowed with a Tits system, or .BiV-pair, see [Bro89, Ch. V]. A 
basic exposition of Tits systems may be found in [Bou07a, IV, §2]. 

The group-theoretic compactification of X is based on the following simple fact. 

Lemma 4.8. The map tp : Res sp h(A) — > S(G) : R i— > Gr which associates a residue R to its 
stabiliser Gr is continuous, injective, G-equivariant and has discrete image. In particular it 
is a homeomorphism onto its image. 

Proof. Continuity is obvious since Res sp h(A) is discrete. The fact that <p is equivariant is 
equally obvious. The injectivity follows since, by strong transitivity of the action, any two 
distinct residues have distinct stabilisers. It only remains to show that if some sequence (R n ) 
of spherical residues is not asymptotically constant, then the sequence of stabilisers Gn n does 
not converge to some point of the image of (p. 

Let thus (R n ) and R be spherical residues such that the sequence (Gr^) converges to Gr. 
Suppose for a contradiction that Rn is not eventually constant. 

Assume first that R n R for infinitely many n. Then for each such n there is an element 
g n G GR n which fixes a vertex of R but does not fix R. Clearly no subsequence of (g n ) 
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may converge to any element of Gr. On the other and since each g n fixes a vertex of R, it 
follows that the sequence (g n ) is relatively compact and hence sub-converges in g. In view of 
Lemma 4.1, this contradicts the fact that limGn = Gr. 

n 

Assume now that R n D R for all but finitely many n's. Suppose for a contradiction that 
Rn 2 R f° r infinitely many n's. Since X is locally finite, this implies that there is a constant 
subsequence R^,(n) = R' with R' D R. Now the sequence Gr^.. converges to both Gr and 
Gri , which implies the absurd equality R = R . This finishes the proof. □ 

Definition 4.9. The closure of the image of cp in S(G) is called the group-theoretic com- 
pactification of X. It is denoted by < To gp (X). 

The main result of this section is the following. 

Theorem 4.10. The group-theoretic compactification < ^ 7 gp (X) is Aut (X)-equivariantly home- 
omorphic to the maximal combinatorial compactification ^^(X). More precisely, a sequence 
(Rn) of spherical residues converges to some £ € < K j ph(^) if an d only if the sequence of their 
stabilisers (GrJ) converges to Radi^G^) in the Chabauty topology. 

It follows in particular that the closure of the image of the chamber-set Ch(X) under tp 
is Aut(AT)-equivariantly homeomorphic to the minimal combinatorial compactification ^i(A) 
(see Proposition 2.12). 

Example 4.11. The group-theoretic compactification of Bruhat-Tits buildings was already 
studied in [GR06]. In particular they explicitely calculate the stabilizers and limit groups. 
In the case of the building associated to SL3 over a local field, there is some point £ such 
that = P is the group of upper triangular matrices. The limit group is thus the group 
calculated in Example 4.3. 

The proof of Theorem 4.10 requires some additional preparations, collected in the following 
intermediate results. 

Lemma 4.12. Let (R n ) be a sequence of spherical residues converging to a pointy £ ffsphiX) 
and such that the sequence (GR n ) converges to some closed group D in c tf gp (X). Then D 
fixes £. 

Proof. Given g € D and g n € Gr u be a sequence which converges to g (see Lemma 4.1). 
Let a S Res sp h(AT). Then we have g~ x .a = g" 1 .a for n large enough. Likewise, for n large 

enough, 0.(£(#~V) = #n-(£(# _1 0"))- Therefore we have (c/.£)(c) = 9nC(9n 1(T ) = (Sn-£)(°") for 
large n. Now, taking n so large that £(<r) = proj (T (i? n ) and ^{g" 1 ^) = proj 9 -i cr (i? n ), we obtain 
sucessively 

(sW = <?.(e(<rV)) 

= 9n-((,(9n 1(J )) 

= 3n-(proj g -i CT 0Rn)) 
= gn-iprojg-i^g^Rn)) 

= 9n-{gn l Proj CT (i?n)) 

= proj^-Rn) 

Thus = £ as desired. □ 

Lemma 4.13. Let (R n ) be a sequence of spherical residues converging to £ 6 "^sphPO- Then 
the sequence (Gr u ) converges in < ^ gp (A) and its limit coincides with RadLF(G^). 
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Proof. Let D be a cluster value of the sequence (G\r„)- It suffices to prove that D = 
RadLF(G^). This indeed implies that (Gfj n ) admits D has its unique accumulation point, 
and hence converges to D. 

Since X is locally finite, the pointwise stabiliser of every bounded set of X is open in G. 
Moreover, since G acts by simplicial isometries on |X|, it follows that every element acts either 
as an elliptic or as a hyperbolic isometry. This implies that the set of elliptic isometries is 
closed in G. Notice that this set coincides with the set of periodic elements of G. Since 
every element of D is limit of some sequence of periodic elements by Lemma 4.1, it follows 
that D itself is contained in the set of periodic elements. Lemmas 4.5 and 4.12 thus yield 
D C Rad LF (G ? ). 

In order to prove the reverse inclusion, pick x £ X and let A be an apartment containing 
Q(x,£). By strong transitivity, there exists some k n £ G x such that k n R n £ A. As G x < 
G is compact, we may assume upon extracting that (k n ) converges to some k £ G x . Let 
R'n = k n .R n . Then (R' n ) is contained in A converges to k.£. Furthermore, (Gr/) converges to 
kDk^ 1 in tfgp(X). 

The sequence (R n ) penetrates and eventually remains in every a £ $>A(k-£). In particu- 
lar, for any sufficiently large n, the pointwise stabiliser of a is contained in Gr^. By 
Lemma 4.1, this implies that Gr a ) < kDk~ x . Conjugating by k~ , we deduce that for all 
a £ <&^(£), we have Gr a ) < D. In view of Lemma 4.7, this shows that G(q( x ^)) < D. The 
desired results follows since G^q^ x ^ = RadL F (Gg) by Lemma 4.5. □ 

Lemma 4.14. Let (R n ) be a sequence of spherical residues. If the sequence (Gr 7 J converges 
to D £ c togp{X), then (R n ) also converges in ^ sp h(A). 

Furthermore, for all!;, £ £ ^ sp h(X), we have £ = £' if and only ifRad^p(G^) = Radu . 

Proof. Assume that (Gr 7 J converges. If the sequence (R n ) has two accumulation points 
£ < K jp h(A^), then Lemma 4.13 implies that RadLF(Gg) = RadL F (G^'). Therefore, the 
Lemma will be proved if one shows that the stabilisers of two distinct points of ^^{X) have 
distinct LF-radicals. 

Given any £ £ *?f sp h(A") and x £ Res spn pO, the sector Q(x, £) coincides with the fixed-point- 
set of G x £ by Lemmas 4.4 and 4.7. Furthermore Lemma 4.5 implies that G x £ = R x , where 
R = RadL F (G^). Thus Q(x,£) is nothing but the fixed point set of R x for all x £ Res sp h(A). 
If follows that for any other £' £ ^ sp h(X) such that RadL F (G^') = RadLF(G^), the respective 
combinatorial sectors based at any x £ Res spn (AT) and associated to £ and £' coincide. In view 
of Corollary 2.19, this implies that £ = □ 

We are now ready for the following. 

Proof of Theorem J^.10. Consider now the map 

* : ^sph(^) -> S(G) : £ ^ Rad LF (G ? ). 

By Proposition 4.13, the map ^ takes its values in ^^(X). By Lemma 4.14, it is bijective. 
The Aut(X)-equivariance is obvious. It only remains to show that is continuous. 

Let (£ n ) be a sequence of elements of ^ sp h(A) converging to £ £ ^^(X). We claim that 
every accumulation point of (^(^ n )) equals ^ (£). Let D be such an accumulation point. Upon 
extracting, we shall assume that (^(^n)) converges to D. 

1 It turns out that the latter fact is general and does not depend on the existence of an action on a CAT(O) 
space. Indeed, by [Wil95, Theorem 2] the set of periodic elements is closed in any totally disconnected locally 
compact group. 
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Since £ n belongs to ^phC^Oi there exist some sequences (^) m of spherical residues such 
that (^m)m converges to £ n for each n. A diagonal argument shows that the sequence {x^) m 
converges to £. By Lemma 4.13, we deduce that (^(x^)) m converges to V?(£) while (*(x^)) m 
converge to *(£n)- Therefore, the sequence ( v I'(x™)) m converges to lim\I'(£ n ) = D. The 

n 

desired equality = D follows. □ 



5. Comparison to the refined visual boundary 

As opposed to the previous section, we do not assume here that X be locally finite. In order 
to simplify the notation, we shall often identify X with its CAT(O) realisation \X\. This will 
not cause any confusion. This section is devoted to the relationship between the combinatorial 
and visual compactifications and their variants. 

5.1. Constructing buildings in horospheres. Let £ € dooX be a point in the visual bound- 
ary of X. In this section we present the construction of a building X% which is canonically 
attached to £; it is acted on by the stabiliser and should be viewed as a structure which is 
'transverse' to the direction £. The construction goes as follows. 

Let A% denote the set of all apartments A such that £ S docA. Let also denote the set 
of all half-apartments a such that the visual boundary of the wall da contains £. In particular, 
every a € ^A^ is a half-apartment of some apartment in A^. 

Since any geodesic ray is contained in some apartment (see [CH06, Theorem E]), it follows 
that the set A% is non-empty. This is not the case for ^A^, which is in fact empty when £ is a 
'generic' point at infinity. We shall not try to make this precise. 

Lemma 5.1. For all A, A' £ A^ and each C & Ch(.A) and each geodesic ray p' C A' pointing 
to £, there exists an apartment A" £ A^ containing both C and a subray of p' . 

Proof. We work by induction on d(C, Ch(A')). Let thus C' be a chamber of A' at minimal 
possible distance from C and let C' = Co, C±, . . . , C n = C be a minimal gallery. The panel 
which separates Co from C\ defines a wall in A , and there is some half-apartment a of A' 
containing a subray of p . Then C\ Ua is contained in some apartment, and the desired claim 
follows by induction on n. □ 

Given R G Res sp h(AT), let denote the intersection of all a S ^A^ such that R C a. Thus, 
in the case of chambers, the map C i— > identifies two adjacent chambers of X unless they 

are separated by some wall da with a S ^A^. We call two elements of Q adjacent if they are 
the images of adjacent chambers of X. 

Let W be the Weyl group of W . Choose an apartment A € A^ and view If as a reflection 

group acting on A. The reflections associated to half-apartments a of A which belong to ^A^ 
generate a subgroup of W which we denote by W^. By the main result of [Deo89], the group 
W% is a Coxeter group and the set {Cg | C £ Ch(A)} endowed with the above adjacency 
relation is W^-equivariantly isomorphic to the chamber-graph of the Coxeter complex of W%. 

Lemma 5.2. The Coxeter group W% depends only on £ but not on the choice of the apart- 
ment A. 

Proof. By the above, it suffices to show that for any two A, A € A%, the adjacency graphs of 
{C 5 I C G Ch(A)} and {C € | C e Ch(^')} are isomorphic. 
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We claim that if the apartments A and A' contain a common chamber, then the retraction 
p onto A based at this chamber yields such an isomorphism. Indeed p fixes An A pointwise, 
and this intersection contains a ray pointing to £. This implies that for any half-apartment of 



Keeping in mind the above preparation, the proof of the following result is a matter of 
routine verifications which are left to the reader. Lemma 5.1 ensures that two chambers of 
are contained in an apartment; this is the main axiom to check. 

Proposition 5.3. The set = {C^ \ C G Ch(A)} is the chamber-set of a building of type 
W% which we denote by X%. Its full apartment system coincides with A%. The map R i— > R% 
is a G^-equivariant map from Res sp h(A) onto Res sp h(^) which does not increase the root- 
distance. □ 

Remark 5.4. We have dim(X^) < dim(A). This was established implicitly in the course of 
the proof of Lemma 2.29. 

5.2. A stratification of the combinatorial compactifications. By Proposition 5.3 each 
point £ of the visual boundary of X yields a building and it is now desirable to compare 
the respective combinatorial bordifications of X and X^. 

Theorem 5.5. For each £ G docX , there is a canonical continuous injective Aut(X)^- 
equivariant map : ^ S ph(Ag) — > c tf sp i l (X). Furthermore, identifying < ^ sp h(A^) with its image, 
one has the following stratification: 



The following lemma establishes a first basic link between points at infinity in the combi- 
natorial bordification and points in the visual boundary. 

Lemma 5.6. Let (R n ) be a sequence of spherical residues and let (p n ) denote the sequence of 
their centres. Assume that (R n ) converges to some f G < ^ 7 sp h(A). Then (p n ) admits convergent 
subsequences. Furthermore, any accumulation point of (p n ) lies in the visual boundary of any 
combinatorial sector pointing to f. 

It is not clear a priori that (p n ) subconverges in X U docX since X need not be locally 
compact. 

Proof. Fix a base point pel and let R £ Res sp h(A) denote its support. For each n, the 
geodesic segment joining p to p n is contained in Conv(p,p n ) which is geodesically convex also 
in the sense of CAT(O) geometry. Therefore, in view of Corollary 2.18, it follows that for any 
r > there is some N such that the geodesic segment \p,p n ] lies entirely in Q(R, f) for all 
n > N . Since combinatorial sectors are contained in apartments and since apartments are 
locally compact, it follows that (p n ) subconverges to some £ G dooX, and the above argument 
implies that the geodesic ray [p, £) is entirely contained in the sector Q(R, f). □ 

Proof of Theorem 5.5. Let £ G c^A, / G ^sphO^)- We shall now define an element / : 
Res sp h(^) - ► Res sp h(A) belonging to St(cr). To this end, we proceed as follows. 



a of A', we have a G if and only p(a) G This proves the claim. 

In view of Lemma 5.1, the general case of arbitrary A, A' G A% follows from the special case 
that has just been dealt with. □ 




crGRcs aph (X) 
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Consider the map Res sp h(AT) — > Res sp h(^) : <r i— > cr^ which was constructed in Section 5.1. 
Let a € Res sp h(A^), let p be a geodesic ray emanating from the centre of a and pointing to £ 
and let A be an apartment containing p. Let ^a(0 denote the set of all half-apartments a of 
A such that a £ A% and a contains a subray of p. Notice that if a € ^a(£,), then —a §f ^a(0- 

Given r G St(tT^), there is a unique spherical residue r € St(cr) such that (t )f = r and 
that r' is contained in every root a € ^a(0 containing cr. We denote this residue r' by 
r^(r). It is easy to see that the map : St(cr^) — ► St(<r) does not depend on the choice of the 
apartment A. 

Now we define /e St (a) by 

creRes sph (X) 

/ : a i-> r € (/(a$)). 

Notice that the definition of / does not depend on the choice of A. 

We claim that / belongs to ^sphPO- Indeed, let (x n ) of spherical residues of X% converging 
to / and contained in some apartment A' of Ag (see Proposition 2.4). We may view A' as an 
apartment of X. Choose R n G Res sp h(A') with (i? n )§ = x n in such a way that the sequence 
(Rn) eventually penetrates and remains in the interior of every a 6 ^A'(0- ft i s eas Y to 
see that such a sequence exists. If follows from Lemma 2.3 and Proposition 5.3 that (R n ) 
converges in ^ sp h(^4')- The fact that (Rn) converges in ^^(X) follows from Corollary 2.32. 
The fact that \\m.R n coincides with / follows from Lemma 2.26. This proves the claim. 

n 

We now show that ^ph(-X') admits a stratification as described above. Let h E 'tfsph(X) \ 
Res sp h(^) and let (Rn) be a sequence of spherical residues contained in some apartment A of 
X and converging to h (see Proposition 2.4). Upon extracting, the sequence of centres of the 
R n 's converges to some £ € dooA, and the sequence ((R n )e,)n>o converges in ^ sp h(X^). Let h 
denote its limit. Using the very definition of the map / i— > /, one verifies that h! = h, which 
yields the desired conclusion. □ 

5.3. Comparison to the refined visual boundary. Besides its own intrinsic CAT(O) real- 
isation, the building X^ inherits a CAT(O) realisation in a canonical way from X. This follows 
actually from a general construction which may be performed in an arbitrary CAT(O) space 
and which attaches a transverse CAT(O) space to every point in the visual boundary. This 
construction was described by Karpelevic in the case of symmetric spaces; it was introduced 
by Leeb [LeeOO] in the general context of CAT(O) spaces and used recently in [Cap07] to study 
the structure of amenable groups acting on CAT(O) spaces. A brief description is included 
below. 

Let £ € dooX . We let A| denote the set of geodesical rays p pointing towards £. The set 
A| is endowed with a pseudo-distance defined by 

d(p,p') =mf o d(p(t),p'(t')). 

If is a Busemann function associated to £, and if the parametrisation of p and p' is chosen 
so that be o p = be o p , then in fact d(p, p') = lim (p(t) , p (t)) . This remark justifies that d 

t— ++oo 

is indeed a pseudo-distance. 

Identifying points at distance in X£ yields a metric space X'^. There is no reason for 
this new space to be complete; its metric completion is denoted by X^. There is a canonical 
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7T£ : A -> A c 

which associates to a point x the (equivalence class of the) geodesic ray from x to £. It is 
immediate to check that ir^ is 1-Lipschitz. 

Moreover, there is a canonical morphism ip'^ : G^ — > Isom(X^), where G = Isom(A), defined 

by 

(p' $ (g).TT^(x) = irz(g.x). 

The space A^ is CAT(O) (see [LeeOO, Proposition 2.8]). Furthermore the morphism (p^ is 
continuous (see [Cap07, Proposition 4.3]). 

As before, the space A^ is transverse to the direction £. Since each transverse space Ag 
admits its own visual boundary, it is natural to repeat inductively the above construction and 
consider sequences (£i,£2j---) such that Cn+i £ doo-X£i,£ 2 ,— £«■ The next proposition shows 
that this inductive process terminates after finitely many steps (in the case of buildings, this 
should be compared to Remark 5.4): 

Lemma 5.7. There exists an integer K G N, depending only on X , such that for every 
sequence (£i, . . . ,£k) with £i G d^X and G d^X^^^^. we have d^X^^^j^ = 0. 

Proof. See the remark after [Cap07, Corollary 4.4]. □ 
The following definition is taken over from [Cap07]. 

Definition 5.8. The refined visual boundary of level k of X is the set of all sequences 
(fi, . . . where £i G d^X and G doo^i,...,^ for all 1 < i < k - 1 and x G A^...^. 

The refined visual boundary of X is the union over all k G N of the refined boundaries 
of level k. It is denoted by d^ c X. 

As mentioned earlier, in case the underlying space A is a building, the transverse space 
A^ may be viewed as a CAT(O) realisation of the building X% constructed combinatorially in 
Section 5.1. The following result shows that in some sense, the refined visual boundary is a 
realisation of the boundary at infinity of the combinatorial bordification. 

Theorem 5.9. Let X be a building. Then there is an Aut (A) -equivariant map : A U 
d^ c X — > ^ sp h(A). 

Proof. There is an Aut(A)-equivariant surjective map : A — > Res sp h(A) which associates 
to each point its support. Recall that the support of a point x may be characterised as the 
unique spherical residue contained in the intersection of all half-apartments containing x. 

Let now £ G (?ooA; we consider the space A^ both as a CAT(O) space as descrived above 
and as a building as described in Section 5.1. By induction on dim(A) (see Remark 5.4) there 
is a well-defined Aut(A)g-equivariant map d^ e X^ — ► ^ sp h(A^). Upon post-composing with 
the map of Theorem 5.5, we may assume that this map takes it values in ^ sp h(A). Since 
by definition, we have a partition 

d^ c X= □ d^ c X ( , 



the existence of the desired map follows. 



□ 
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Notice that it is not clear a priori (and not true in general) that this map is surjective. 
Indeed, it might be the case that the CAT(O) space X% be reduced to a single point while the 
associated building is a spherical building not reduced to a single chamber. This happens 
for example of X is a Fuchsian building and £ is an end point of some wall. 



6. Amenability of stabilisers 

Let X be a building. The following shows the relationship between amenable subgroups of 
Aut(X) and the combinatorial bordification ^^(X). 

Theorem 6.1. Let G be a locally compact group acting continuously on X. Then some finite 
index subgroup of G fixes a point in ^ S ph(A^). 

Assume in addition that the stabiliser in G of every spherical residue is compact. Then the 
stabiliser of any point of ^ S ph(A^) is a closed amenable subgroup. 

Proof. By [Cap07, Theorem 1.4] (see also [CL08, Theorem 1.7] in case X is not locally com- 
pact), the group G has a finite index subgroup G* which fixes a point in XUd^°X. Its image 
under the equivariant map of Theorem 5.9 is thus a G*-fixed point in the combinatorial 
bordification ^phC^O- 

Assume now that elements of Res sp h(A A ) haves compact stabilisers in G and let / € < K, p h(A A ). 
We shall prove by induction on dim(X) that the stabiliser Gf fixes some point in the refined 
visual bordification X U d^°X. The desired result on amenability will then be provided by 
[Cap07, Theorem 1.5] (see also the remark following Theorem 1.1 in loc. cit. as well as [CL08, 
Theorem 1.7] for the non-locally compact case). 

If / € Res sp h(A A ), then Gf fixes the centre of the residue / and there is nothing to prove. 
Since the latter happens when X is has dimension 0, the induction can start and we assume 
henceforth that / is a point at infinity. 

Notice that combinatorial sectors are closed and convex in the CAT(O) sense. Let Qf denote 
the collection of all combinatorial sectors pointing to /. By Proposition 2.30, the set Qf forms 
a filtering family of closed convex subsets, i.e. any finite intersection of such sectors is non- 
empty and contains such a sector. Since / lies at infinity, it follows that ^| Qf is empty. It 
then follows from [CL08, Theorem 1.1] and [BL05, Proposition 1.4] that the intersection of 
the visual boundaries of all elements of Qf admits a canonical barycentre £ € dooX which is 
thus fixed by Gf. In particular Gf acts on the building X% transverse to £. 

We claim that Gf fixes a point in ^^{X^). In order to establish it, notice first that by 
definition £ belongs to the visual boundary of every apartment containing a sector in Qf. Pick 
such an apartment A. Then A may also be viewed as an apartment of and its walls in X% 
is a subset of its walls in X. By Lemmas 2.3 and 2.24 and Corollary 2.32, it follows that / 
determines a point /' € ( rf sp h(X^). Furthermore, since A contains a subsector of every element 
of Qf, it follows from Lemma 2.26 that /' is uniquely determined by /. In particular Gf fixes 
/' G < ^ 7 sp h(^) as claimed. 

Since dim(Ag) < dim(X) by Remark 5.4, it follows from the induction hypothesis that 
Gf < Gf fixes a point in the refined visual bordification X^ U d^ c X^. By definition, the 
latter embeds in the refined visual boundary d^ e X. Thus we have shown that Gf fixes a 
point in the refined visual boundary of X as desired. □ 



COMBINATORIAL AND GROUP-THEORETIC COMPACTIFICATIONS OF BUILDINGS 



33 



Appendix A. Combinatorial compactifications of CAT(O) cube complexes 

In this appendix, we outline how some of the above results may be adapted in the case 
of finite- dimensional CAT(O) cube complexes. Since the arguments are generally similar but 
easier than in the case of buildings, we do not include detailed proofs but content ourselves 
by referring to the appropriate arguments in the core of the text. 

Let thus A be such a space. The 1-skeleton induces a combinatorial metric on the set 
of vertices A^ which is usually called the ^-metric. In general it does not coincide with the 
restriction of the CAT(O) metric. The distance between two vertices may be interpreted as 
the number of hyperplanes separating them. 

Let V denote the product of all pairs {h + , h~} of complementary half-spaces. Then there 
is a canonical embedding 

X (0) 

— > V which is defined by remembering on which side of every 
wall a point lies. The closure of X^ in V is denoted by ^uitraCA). It is called the Roller 
compactification or ultrafilter compactification of A; see [Gur08, §3.3] and references 
therein. It is a natural analogue of the minimal combinatorial compactification of buildings 
introduced in the core of the paper. Notice that, as opposed to the case of buildings, the space 
^uitra(A) is compact even if X is not locally finite. The following result is due to U. Bader 
and D. Guralnick (unpublished); it should be compared to Theorem 3.1. 

Proposition A.l. The ultrafilter compactification coincides with the horofunction compacti- 
fication of the vertex-set A^ endowed with the i 1 metric. 

The following is an obvious adaption Lemma 2.3; it is established with the same proof. 

Lemma A. 2. Let (v n ) be a sequence of vertices. Then the sequence {v n ) in ^uitra(A) if and 
only if for each wall W there is some N such that the subsequence {v n ) n> N lies entirely on 
one side of W. □ 

This allows one to associate with every £ G Mitral A) the set <£(£) of all half-spaces in 
which every sequence converging to £ penetrates and eventually remains in. We define the 
combinatorial sector based at a vertex v and pointing to £ as the set 

Q(v,0= D h. 
h&<s>(v)n$>(£,) 

The (combinatorial) convex hull of a set of vertices is defined as the intersection of 
all half-spaces containing it. Having this in mind, it is straightforward to prove that for all 
v G A^ and any sequence (v n ) of vertices converging to some £ G < ^ 7 u itra(A), we have 

Q( V '0 = U fl C0Tw{v,V n ), 
k>0n>k 

compare Propositions 2.15 and 2.27. The key property of combinatorial sectors pointing to 
some £ G '^ultra(A) is that they form a filtering family: 

Proposition A. 3. Let v,v' € A^ and £ G ^ u itra(A). Then there exists some vertex v" such 
thatQ(v",0 cQ(v,£)nQ(v',0- 

Proof. Use induction on dim(A) mimicking the proof of Lemma 2.29. □ 

Assume for the moment that X is locally finite; then the automorphism group G = Aut(A) 
is locally compact and we may as before consider the closure of the set of vertex-stabilisers 
in the Chabauty compact space S(G) of closed subgroups of G. Notice however that one 
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should not expect the latter to coincide with the ultrafilter compactification in general: the 
most obvious reason for this is that the group-theoretic compactification need not be a gen- 
uine compactification if G is to small — for example if G is discrete and torsion free, the 
group-theoretic compactification is a singleton. In fact, as opposed to the case of buildings, 
where the condition of strongly transitive actions is very natural, the transitivity properties 
one should impose on G to make sure that the group-theoretic compactification is indeed a 
compactification of the vertex set do not seem natural at all. Therefore we shall not pursue 
this here and content ourselves with the following fact. 

Proposition A. 4. Let (v n ) be a sequence of vertices of X converging to some £ 6 ^uitraPO- 
Then the sequence of stabilisers (G Vn ) converges in the Chabauty topology and its limit coin- 
cides with RadLp(G^). 

Proof. Let D be an accumulation point of the sequence (G Vn ). It suffices to show that D = 
Rad LF (G € ). 

The proof of Lemma 4.12 applies verbatim to the present situation and ensures that D C G^. 
Moreover, by similar arguments as in Lemma 4.5, one deduces from Proposition A. 3 that the 
set of periodic elements of G^ coincides with Radi^G^). Since Lemma 4.1 implies that D 
consists of periodic elements, one obtains the inclusion D C Radi^G^). 

In order to prove the reverse inclusion, consider an element g € RadLF(G^). Then g is 
periodic and hence it fixes some cube C of X. Since the point £ determines exactly one side 
of each of the walls of C, it follows that g fixes some vertex v of C. In particular g stabilises 
the sector Q(v,£). It is easy to see by induction on the distance to v that g fixes pointwise all 
vertices contained in Q(v,£). On the other hand, Lemma A. 2 implies that the sequence (v n ) 
penetrates and eventually remains in Q(v, £). Therefore, we deduce that g belongs to G Vn for 
any sufficiently large n. By Lemma 4.1, this implies that g € D as desired. □ 

We now drop off the assumption that X be locally finite. The ultrafilter compactification 
may also be compared to the visual boundary in a similar way as in Section 5; in particular 
^uitra(A^) admits a stratification as in Theorem 5.5. This may be used to established the 
following by mimicking the proof of Theorem 6.1. 

Theorem A. 5. Every amenable locally compact group acting continuously on X has a finite 
index subgroup which fixes some point in ^uitra(A^). 

Conversely, given a locally compact group G acting continuously on X in such a way that 
every vertex has compact stabiliser, then the stabiliser in G of every point of ^uitraPO is a 
closed amenable subgroup. □ 

In the special case of a discrete group G, this last part was established independently 
in [BCG + ]. Remark that, as in the case of buildings, a closed subgroup H < G is amenable 
if and only if if/Radu^) is virtually Abelian (see [Cap07], as well as [CL08, Theorem 1.7] 
for the non-locally compact case) 
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